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Probabilistic Methods in Analysis Swapnamoy Kader

1 Discrete Probability Spaces, Random Variables, and
Expectation

1.1 Why Probability?

Probability gives a mathematical language for situations where there are several
possible outcomes and we do not know in advance which one occurs. In this course,
probability is not only an object of study; it becomes a tool for proving existence
theorems in analysis and combinatorics.

Typical examples:

Tossing a coin.

Rolling a die.

Choosing a random subset of {1,..., N}.

Choosing random signs +1 in a polynomial.

Randomly coloring columns of a matrix.

1.2 Sample Space

Definition 1.1. A sample space is the collection of all possible outcomes. It is denoted
by €.

In this course, the sample spaces are usually finite or countable:
Q= {w,wo,ws, ...}
Example 1.2 (Coin toss). For a coin toss,
Q={H,T}.
Example 1.3 (Die roll). For a die,
0 =1{1,2,3,4,5,6}.

1.3 Probability Measure

Definition 1.4. A probability measure assigns a number p; > 0 to each outcome wj,

with
Z pi = L.

We write

1
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The condition ), p; = 1 means that one of the outcomes must occur.

1.4 Events

Definition 1.5. An event is a subset of the sample space:

E C Q.
It £ C (), then
P(E) = Z Di-
wiEE
Example 1.6. For a fair die, let
E =1{2,4,6}.
Then E is the event that the die shows an even number, and
11 1 1
PE)==-4+-4+-==
(E) 6 + 6 * 6 2
1.5 Probability Space
Definition 1.7. The pair
(€, P)

is called a probability space.

1.6 Product Probability Spaces and Independence

Suppose
(Ql,Pl), (927]P>2)

are probability spaces. The product sample space is
Q= Ql X QQ.
Its elements are pairs (wy,ws). Define

P((w1, w2)) = P1(w1)Pa(ws).

This models independent experiments.

Example 1.8 (Two fair coins).
Q={(H,H),(H,T),(T,H),(T,T)}.

Each outcome has probability 1/4.
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If £1 C Q1 and E5 C (9, then
]P)(El X EQ) = ]Pl(El)PQ(Eg)

This is the basic formula for independence.

1.7 Random Variables

Definition 1.9. A random variable is a function
X: Q=R

For each outcome w, the value X (w) is a real number.

Example 1.10. For a coin toss, define

Then X records whether the toss was heads.

1.8 Indicator Functions

Definition 1.11. For an event E C (2, the indicator random variable 1p is

1, wek,

Lgw) = {0 W E.

Indicator functions convert events into random variables.

1.9 Expectation

Definition 1.12. The expectation of a random variable X : Q — R is
E(X) =) X(w)pi.
Example 1.13 (Fair die). Let X (i) = 4. Then

1 21
E(X) = (1 +2+3+4+5+6) =" =35.
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1.10 Expectation of an Indicator

If X =1g, then
E(lp) =) P(w) =P(E)
weE
Therefore
E(lg) =P(E)

This identity is used constantly.

1.11 Linearity of Expectation

For random variables X, Y and scalars a, b,

E(aX + bY) = aE(X) + bE(Y).

Proof. By definition,

E(aX +bY) = Z(aX(wi) + bY (w;))pi.

(3

Distributing the sum gives
=a) X(w)pi+b> Y(w)p =aBE(X)+bE(Y).

]

Key point. Linearity of expectation does not require independence. Inde-
pendence becomes important when multiplying random variables or computing
variance of sums.
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2 Variance, Independence, Markov’s Inequality, and
the Weak Law

2.1 Motivation

Expectation gives the average value, but it does not measure how much a random
variable fluctuates.

For example, suppose
1
P(X = 99) = P(X = 101) = o,

and 1
P(Y =0) =P(Y = 200) = 3

Both have expectation 100, but Y fluctuates much more.

2.2 Variance

Definition 2.1. The variance of X is
Var(X) = E[(X — E(X))?].

Variance measures the typical squared distance from the mean.

Expanding,
(X —E(X))? = X? - 2XE(X) + (E(X))>.

Taking expectations gives

Var(X) = E(X?) — (E(X))%

Since variance is an expectation of a square,
Var(X) > 0.
Also,

Var(X) = E(X?) - (E(X))? < E(X?).
2.3 Independence of Random Variables

Definition 2.2. Random variables X and Y are independent if
P(X =a,Y=0)=P(X =a)P(Y =0)

for all possible values a, b.
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Proposition 2.3. If X and Y are independent, then

E(XY) = E(X)E(Y).

Proof. Using independence,

E(XY) =) ablP(X =a,Y =b) =) abP(X =a)P(Y =b).
a,b a,b

Separating the sums,

E(XY) = (Z aP(X = a)) (Z P(Y = b)) = E(X)E(Y).

a b

2.4 Variance of a Sum

If X and Y are independent, then

Var(X +Y) = Var(X) + Var(Y).

More generally, if X7,..., X, are independent, then

Var (i: Xk> = zn:Var(Xk).
k=1 k=1

2.5 Markov’s Inequality

Theorem 2.4 (Markov). If X >0 and t > 0, then

POc > ) < B

Proof. Let A ={X >t}. Since X >t on A,

E(X) > ) X(wPw) > > tPw) = tP(A).

w€eA weA

Therefore P(A) < E(X)/t. O
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2.6 Chebyshev’s Inequality

Apply Markov to the nonnegative variable (X — E(X))?. Then

Var(X)

P(|X —E(X)| > a) =P((X —E(X))* > a®) < —

a

Thus

P@X—MXM>@§VMS)

a

2.7 Weak Law of Large Numbers

Suppose X1, Xo, ... are independent, E(X}) = u, and Var(Xy) < C. Define

1 n
Ay ==Y X;.
w2

Then

P(|A, —u| >¢) -0 asn — oo.

Proof. First,

E(An) = - Y E(Xp) =p
k=1
Second, by independence,
1 — nC C
Var(An) - ﬁ ZVar(Xk) < F = E
k=1
By Chebyshev,
Ay,
P(A, —pl > ) < 2 < ©
€ ne

]

Key point. The Weak Law says that averages of independent variables con-
centrate near their expected value. This is the first appearance of concentration
in the course.




Probabilistic Methods in Analysis Swapnamoy Kader

3 Exponential Moments and Concentration Inequalities

3.1 Why Chebyshev Is Not Enough

Chebyshev gives polynomial decay. For independent sums, the true tail is often
exponentially small. This stronger decay is crucial for random subsets, random sign
polynomials, and discrepancy.

Let X4,..., X, be independent random signs:

P(X, = 1) = P(X; = —1) = %
Put

Sp=X1+-+ X,
Then E(S,) = 0 and Var(S,) = n. Chebyshev gives

n
P(|S,| >t) < 2

For ¢t = 104/n, this gives only 1/100, while the true probability is exponentially small.

3.2 The Exponential Trick

For any random variable X, any a € R, and any ¢ > 0,
{X >a} C { > e}

By Markov,
P(X > a) = P(e™ > e') < e RE(M).

Thus

P(X >a) < e “E(Y) (t>0).

This is the Chernoff or exponential moment method.

3.3 Moment Generating Function

The quantity
Mx(t) = E(e")

is called the moment generating function.
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3.4 Exponential Moment Lemma

Lemma 3.1. Suppose X1, ..., Xy are independent random variables such that
1X;| <1, E(X;) =0.

Then, for every |t| <1,

E (exp (tZXZ>> < exp <t2 ZV&r(XQ) :

Proof. Since E(X;) = 0, we also have
Var(X;) = E(X?) — (E(X)))* = E(X}).

7

We want to estimate

Since the random variables X7, ..., Xy are independent,

N
N . .
SN X H X
=1

Therefore
N N N
E(e'>==1%) = (H et&’) = [JE™).
i=1 i=1
So it is enough to estimate each factor
E(e!%).
Let
Since | X;| <1 and |¢t| < 1, we have
ly| < 1.

For |y| <1, we use the elementary inequality
¢/ <l+y+y’

Hence
e <14 tX; + 12 X2

Taking expectation,
E(e'¥) < 1 +tE(X;) + °’E(X?).

9
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Since
E(X;) =0,
we get
E(e') < 1+ *E(X?).
Using
1+u<e,
we obtain

But because E(X;) =0,

Therefore

Now multiply over i:

N N

E(etzfﬂ X,») _ HE(etX“') < HetQVar(Xi).
i=1

=1

Thus
E(et Zi\r:l Xi) < etQ Zf\]:1 Var(Xi)'

This proves the lemma.

3.5 Tail Estimate
Let
N
Sy =) X
=1

We want to estimate

P(SN > €N).
For t > 0, Markov’s inequality gives

P(Sy > eN) = P(eV > V) < e =N (5V),

Using the exponential moment lemma,
P(SN > 8N) < efthet2 vazl Var(Xi)‘
Since | X;| <1 and EX; = 0,

Var(X;) = EX? < 1.

10
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Therefore
N
Y Var(X;) < N.
i=1

Hence ,
P(Sy > eN) < e tENHN,

Now choose c
t=-.

2

Then
2N  £2N B e2N

—teN+#?N=—— +— = ———.

2 4 4
Therefore )
P(Sy > eN) < e € N4

Similarly, applying the same argument to —Sy, we get
P(Sy < —eN) < e =N/,
Thus

P(|SN| > €N) < ]P)(SN > EN) —l—P(SN < —€N).

Hence

P(|Sy| > eN) < 2 N/4,

3.6 One Random Sign

Let X = 41 with probability 1/2. Then

1 1
E(e*) = §et + 56_'5 = cosh .

Using power series,
2
cosht < ¢t /2,

Therefore

E(etX) < €t2/2'

3.7 Sum of Independent Random Signs

For S, = X +--- + X,,, independence gives

n
k=1

11
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Thus ,
P(Sn > a) < e—ta—i—nt /2‘

Minimize the exponent by choosing ¢ = a/n. Then

P(S, > a) < e /),

Applying the same estimate to —.5,,,

P(|S,| > a) < 2e~*/(20),

3.8 Weighted Random Signs

Let
n
X = Z arck,
k=1

where ¢, = £1 independently with probability 1/2. Then

n n n

E(e') = HE(em’“a’“) = H cosh(tay) < H el /2,

Hence

E(etX) < €t22a£/2.

Applying the exponential trick and optimizing,

)\2
k

Key point. This estimate is the main probabilistic tool in the May part of
the course. It is used for random subsets, random polynomials, and discrepancy
estimates.

12
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4 Random Subsets and the Probabilistic Method

4.1 The Probabilistic Method
The basic philosophy is:

If a randomly chosen object has positive probability of being good, then at
least one good object exists.

We often do not explicitly construct the object. Instead, we prove that the probability
of success is positive.

4.2 Random Subsets of {1,..., N}

For each £k =1,..., N, choose independently

1, if k is selected,
X = .
0, otherwise,

with
P(X) =1) = p, P(X;=0)=1-p.

Then the random subset is

S:{kiXk:1}.

Its size is

N
S| =" X;.
k=1

4.3 Expectation and Variance

Since E(Xj) = p,

E(lS]) = Np.

Since X7 = X,
Var(X;) = E(X?) — (B(X3)> =p —p* = p(1 - p).

Independence gives

Var(|S|) = Np(1 —p).

The standard deviation is

v Np(1 —p).

So |S| is typically within order /Np of Np.

13
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4.4 Centering the Variables

We want to estimate
P{||S| — Np| > m}.

Since
N
S| = Np=> (X} —p),
k=1
define
Yk = Xk —P.
Then

{1 — p, with probability p,
Vi =

—p, with probability 1 — p.
Notice that

E(Y:) =p(1—p)+ (1 —p)(=p) =p(1 —p) —p(1 —p) =

Also,
Y| < 1.

Now compute the variance. Since E(Y}) = 0,

Var(Y;) = E(Y2).

Hence

Var(Yy) = p(1 = p)* + (1 = p)p*.
Factor:

Var(Yy) = p(1 —p)((1 —p) +p).
Therefore

Var(Yy) = p(1 — p).

4.5 Exponential Moment Estimate
By the exponential moment lemma, for |¢t| < 1,
. N
E(et2k=1yfc) < exp <t2 ZV&Y(Yk)> .
k=1

Since
Var(Yy) = p(1 — p),

14
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we have

> Var(Yi) = Np(1 —p).
k=1

Therefore

E(et Zszl Yk) < 6152Np(17p).

4.6 Upper Tail Estimate

We estimate N
P {Z Y, > m} .
k=1

For ¢t > 0, Markov’s inequality gives

N
IP’{Z Y > m} = P{etZLYk > efm}.
k=1

Therefore

N
P {ZYk > m} < e*tmE(etZkNﬂY’“).

k=1

Using the exponential moment estimate,

N
P {ZYk > m} < e~tm et Np(1=p).
k=1

Hence

N
]P’{ZY;€ > m} < exp (tsz(l —p) — tm) :

k=1

4.7 Choice of t

We want to minimize
t*Np(1 — p) — tm.

The best choice would be m
- 2Np(1—p)’

15
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However, our exponential moment lemma was proved only for

It < 1.

Therefore we choose

¢ = mi {1 m }
—min<l, — 5.
2Np(1 —p)

4.8 First Case

Suppose
m < 2Np(1 — p).

Then

;= m
2Np(1 —p)

Substituting this into the exponent gives

2 m2

ANp(1—p) 2Np(l—p)

t*Np(1 —p) —tm =

Thus )
m
t2Np l—p)—tm=——7—-—.
( ) 4Np(1 —p)
Therefore
N 2
P Y. >m §exp<——>_
,; ANp(1 —p)
Since
N
k=1
we get
m2
P{|S|— Np>m Sexp(——)
whenever

m < 2Np(1 — p).

16
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4.9 Second Case

Suppose

m > 2Np(1l — p).
Then

t=1.
Therefore
t*Np(1 — p) —tm = Np(1 — p) — m.

Since

m > 2Np(1 —p),
we have m

Np(1—p) < bR
Hence m

Np(l—p)—m < —5
Therefore
P{|S| — Np>m} < e M2

whenever

m > 2Np(1l — p).

4.10 Conclusion

Combining both cases, we obtain

2

P{|S| - Np > m} < ANp(L —p)

e M2 if m > 2Np(1 — p).

The same argument applied to —Y} gives the corresponding lower-tail estimate. There-
fore,

2

exp (——) , if m <2Np(1 —p),
P{||S| — Np| > m} <2 4Np(1 - p)

e M2, if m > 2Np(1 — p).

17
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4.11 Remark on the Small p Case

The first bound cannot hold for all m, especially when p is small.

Indeed, take
m = N(1—-p).

Then the event
|S| = Np > N(1-p)

is the same as
|S| = N.
This means every integer is chosen. Hence
P(|S| = N) =p".

Now

oV = e~ Nlog(1/p)

But the Gaussian-type estimate would give roughly
( N( - p))
exp| ———— |,
4p
which is much smaller than p" when p is very small.

Therefore the Gaussian bound is not sharp in the large deviation regime for small p.
A sharper bound in that case requires a more precise Chernoff estimate.

4.12 Chebyshev Estimate
Chebyshev gives

Np(1 —
P (||S| — Np| > t) g%.

This proves concentration, but only polynomially.

4.13 Exponential Estimate

The exponential moment method gives a much stronger bound. In one common form,

m

2
P (||S| — Np| > m) < 2exp <—CN—p)

for deviations in the standard range, with a universal constant ¢ > 0.

More refined Chernoff bounds are possible, especially when p is small. The class notes
explicitly ask for the correct sharp bound in this regime.

18
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4.14 Random Signs Again

Instead of 0 or 1, one often chooses

e = *1
with probability 1/2. These are called Rademacher variables.
Basic facts:

Ee, =0, Var(ey) = 1, g2 =1.

For a weighted sign sum

n
X = E QkEk,
=1

we have
n

EX =0, Var(X)=) aj.
k=1
The exponential tail is

)\2
< —— | -
]P’(|X|>)\)_2exp( 22@%)

4.15 A Sharper Chernoff Bound for Small p

Let
SciL,2,...,N}

be a random subset obtained by choosing each integer independently with probability
.

Define
Y =19].
Then
Y ~ Bin(N, p),
and
E(Y)= Np

We want a good estimate for
P{Y — Np > m}.

Put
1= Np.
Then the event becomes

{Y—p>m}={Y >pu+m}

19
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Claim

For every m > 0,

P{Y —p>m} <exp (— l(u+m)10g <1+%> —mD-

Equivalently,

P{IS| - Np > m} < exp (— [<Np+m>log (1+Nﬁp) —m]) |

Thus we may take

g(m, N, p) = (Np+ m)log (1 + ﬂ) —m.

Np

Proof
Since

N

oy

k=1

where
X 1, with probability p,
b 0, with probability 1 — p,

we have

N

E<€tY) _ H E(eth)
k=1

For one variable,
t

Therefore
E(e™) = (1 —p+ pe)?.
Using
1+u<e",
we get

1—p+pe=1+p(e'—1) < ePle'=),

20
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Hence
E(etY) < eNp(et—l) _ 6,u(et—l)‘

Now apply Markov’s inequality. For ¢ > 0,

P{Y > p+m} = P{eY > eftm]

Thus
P{Y > p+m} < e tWHmE(EY).

Using the estimate above,

P{Y > pu4+ m} < exp (—t(u+m)+ p(e' —1)).

We now choose t optimally. Minimize

—t(u+m) + p(e" —1).

Differentiate:
—(p+m) + pe' = 0.
Hence m "
et =H =14 —
M M
Therefore

t:10g<1+m>.
i

Substituting this value of ¢, we get

—t(p+m)+ p(e —1) = —(u+ m)log (1+%> +M(”Zm—1).

But
()
7 —1)=m.
i
Therefore
P{Y — pu>m} <exp <—(,u+m)log <1—l—@> +m> .
]
Hence

P{Y —p>m} <exp (— [(wrm)log <1+%> —mD

21
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Interpretation for Small p

Recall that
= Np.

When p is small and m > Np, we have

m m

14—~ —.

Np Np

Therefore
g(m, N,p) = (Np +m)log (

s (1)
mlog | — | .
Np

Thus, in the large-deviation regime,

behaves like

P{|S| — Np > m} < exp (—cmlog ( n

This is much better than the crude bound

e /2
when p is small.
Sharpness Example
Take
m = N(1-p).
Then

|S| = Np> N(1—p)

is the same as
S| > N.

But since |S| < N, this event is exactly

S| = N.

That means every integer was chosen. Therefore

P{|S|= N} =p".

22
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Hence

P{|S| — Np> N(1 —p)} = p" = e Viesll/p),

Now compute our exponent:

N(1 —
g(N(1 —p),N,p) = (Np+ N(1 —p))log (1 + %) — N(1—p).
Since
Np+ N(1—p)=N,
and N(1 1 1
Np p p
we get
g(N(1 —p),N,p) = Nlog <§> -~ N(1-p)

For small p,

g(N(1 —p),N,p) ~ Nlog (—)
Therefore

e~ 9(N(1=-p),N,p)

has essentially the same exponential size as
pN _ eleog(l/p).

This shows that the bound is sharp up to constants in the exponent.

Sharper Entropy Form

A sharper form of the Chernoff bound is

P{|S| — Np > m} < e~ NPllp)

where
e m
q p N )

and

D(ql|lp) = qlog]% + (1 —q)log .

Here D(q||p) is the relative entropy between Bernoulli random variables with parame-
ters ¢ and p.

23
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In the extreme case

m = N(l - p)?
we have
q=1.
Then
D(1]lp) = log —
So

o~ ND(llp) — ,—Nlog(1/p) _ Y.

Thus the entropy form gives the correct exponential behavior exactly.

24
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5 Random Sign Polynomials and Rudin-Shapiro Poly-
nomials

5.1 The Problem

Consider polynomials
n—1

p(z) = chzk, cp = 1.

k=0
We want to make

sup [p(z)]
Jo1=1

as small as possible.

The trivial bound is

n—1
p(2)| <) el = n.
k=0

But this is not sharp.

5.2 Why /n Is the Natural Scale

On the unit circle, put z = €. Then observe that

n—1 n—1
[ - [ - -
% |p<619)|2 df = % ( E Ckelk9> ( E C_ZGZZ(g) do.

But

Therefore
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Since ¢, = £1, we have |c;|> = 1. Hence

1 g )
e Ip(e”)|> df = n.
Thus
Pl z2(ry = V.
Since

Ipllz2ry < [Pl (),

we must have
max Ip(2)] > V/n.
zZ|l=

So the best possible order one can hope for is y/n.

5.3 Random Signs

Choose
Cr = €k,

where the ¢;, are independent random signs. Fix z = €. Then

n—1

p(z) = Zskeike.

k=0

The real and imaginary parts are

n—1
Rep(z) = Z i cos(kb),
k=0

n—1
Imp(z) = Z g sin(k0).
k=0

Each is a weighted sum of independent random signs.

Since > cos?(k#) < n,

P(|Rep(z)| > t) < 2/,

Similarly,

P(|Imp(z)| > t) < 24/,

Now suppose
p(2)] > t.
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Then either
|Rep(z)| >

or
[ Imp(z)[ >

SRS

Therefore, by the union bound,

t

P2 > ) < P{ Rep) > <5 b+ P{jmpta) > - |

Hence 9
P{|p(z)| > t} < 4=t /().

Thus, for every fixed z with |z| = 1,

P{|p(2)| > t} < 4e /B,

5.4 Controlling Finitely Many Points

Now choose M points
15225+ M

on the unit circle.

Then .
P{ o ()] >} = (U{p@j) > t}) .

By the union bound,

M
P{ o) > ¢ < 3Pl > 0.
=1

1<j<M

Using the previous estimate,

]P’{ max |p(z;)| > t} < AMe /G,

1<j<M

Therefore, if
AMe /) < 1,
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then there exists a choice of signs ¢; = £1 such that

Ip(z)| <t

for every j =1,..., M.

The condition
AMe=t/B < 1

is equivalent to
/() o L

e AM

Taking logarithms,
2

¢
— < —log(4M).
™ og(4M)

Thus it is enough to choose

t > +/8nlog(4M).

5.5 Passing from Finitely Many Points to the Whole Circle

The previous argument only controls p at the points

Zlyee+9yZM-
But we want to control
max |p(2)|.
|z|=1
Choose the points 21, ..., z)s equally spaced on the unit circle. Then for every z with

|z| = 1, there exists some z; such that the arc distance between z and z; is at most

™

R
By the triangle inequality;,
p(2)] < [p(2)] + |p(2) = p(2))]-

We estimate the second term using the Fundamental Theorem of Calculus along the
arc from z; to z:

pl2) -~ plz)l < [ )] ldul.
zj
Since the arc length is at most 7w/M, we get

p(z) = pl(z)| < 57 max|p'(w)].

jw|=1
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Now
n—1
p(z) = e,
k=0
SO
n—1
p(z) = Z keptt
k=1

If |z| = 1, then |[2*7!| = 1. Also |c;| = 1. Hence

n—1 n—1
PRI kellzlH = k.
k=1 k=1

Therefore ( )
; n(n —
)l <
Thus ( 0
, n(n —
<
max p'(2)] < =
Consequently,
m n(n—1)
_ <
p(2) = p(2)] < 57—
Now choose
M = n?
Then
mnn—1) wnn-1) w(n—1)
M 2 a2 2  2n

Therefore, for every z on the unit circle,
™
p(2)] < lp(=5)] +

Since we have chosen the signs so that

Ip(z)| <t

for all 7, we obtain
T
PG <t+ 3.

Hence

p(2)] < t+ =
max ya —.
|z|:1p - 2
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5.6 Final Estimate

Take
M =n?.
Then
t > +/8nlog(4M) = +/8nlog(4n?).
Since
log(4n?) = log4 + 2logn < logn,
we get

t < v/ nlogn.

Therefore there exists a choice of signs ¢, = £1 such that

max |p(z)| < Cy/nlogn

|2|=1

for some absolute constant C' > 0.

Thus we have proved:

n—1
There exists p(z) = chzk, ¢y = £1, such that max |p )| < Cy/nlogn.
k=0

5.7 Can the Logarithm Be Removed?

The random method gives v/n logn. The natural question is whether one can achieve
C'v/n. Rudin-Shapiro polynomials give a deterministic construction with the optimal
order.

5.8 Rudin-Shapiro Polynomials

Define
Py(z) = Qo(z) = 1.

Then recursively set
k
Pri1(2) = Pi(2) + 22 Qi(2),

Qri1(2) = Pu(2) — 22 Qu(2).

The coefficients remain 4-1.
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5.9 The Main Identity
On |z| =1,

k k
|Pes1? 4 |Qra1? = | Pe + 2% Qrl* + | Pe — 2% Qxl?
= Q‘PkP —|—2’Qk|2.

Thus

|Pyoi1|? + |Qusa | = 2(|1Pe)* + |Qx]?).

By induction,
|Pef? + |Ql* = 2571

If N = 2% then
|Pe(2)| S V2N (2] =1).
This is essentially optimal.
5.10 Open Question
Can one get, for every € > 0, signs such that
N-1
D (1) < (1+e)VN
k=0

for all |z| = 1 and sufficiently large N7 This is a natural sharpening beyond Rudin-
Shapiro.
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6 Pigeonhole Principle and Dirichlet Approximation

6.1 The Pigeonhole Principle

Theorem 6.1 (Pigeonhole principle). If N + 1 objects are placed into N boxes, then
some box contains at least two objects.

More generally, if n objects are placed into k& boxes, then some box contains at least
n/k objects, up to rounding.

6.2 Fractional Part

For x € R, define the fractional part

{z} =2 —|z].

Then
0<{z} <1l

Also define distance to the nearest integer:

||| = min |z — m)|.
meZ

6.3 Dirichlet Approximation Theorem

Theorem 6.2 (Dirichlet). Let o« € R. For every positive integer Q, there exist integers
D, q, with

1<qg<@Q,
such that
1
a2« —.
q| qQ

Proof. Consider the ) + 1 numbers
0,{a},{2a},...,{Qa}

in [0,1). Divide [0,1) into @ intervals of length 1/Q. By the pigeonhole principle, two
of the fractional parts lie in the same interval. Hence for some 0 < m < n < Q,

{na} — {ma}| < ~.

Q
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Let g=n—m. Then 1 < ¢ < Q. Also
go=(n—m)a=p+0

for some integer p and some |0| < 1/Q. Thus

g0 —p] < 7
qa —p| < —.
Q
Dividing by ¢,
P 1
a—=| < —.
ql 4@
]
6.4 Simultaneous Approximation
Let
ay,Q9, ...,y € R.

We want to approximate each «; by a rational number with the same denominator:

p .
Qa =~ —].
q
The error is measured by
_ by
€= max |oj — —|.
1<j<m q

Trivially, if ¢ is fixed, we can choose p; to be the nearest integer to ga;. Then

o, i
T g

1
<=
q

The goal is to do better by choosing ¢ carefully.

Theorem 6.3 (Simultaneous Dirichlet Approximation). Let
a1, ..., 0y, € R
For every positive integer @), there exist integers
l1<¢=<@

and
P1y---yPm GZ
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such that
Cm

_ b m
— qu/m7

q
where C,, is a constant depending only on m.

max
1<j<m

Qj

If Q) is an exact m-th power, one may take C,, = 1, so that

1
qu/m'

Proof. We first prove the theorem in the special case when () is an exact m-th power.

a; — 2| <
q

max
1<j<m

Suppose
Q=1L"

for some positive integer L.

For each integer ¢, define the vector

vg = ({gan}; {gaa}, - {gam}) € [0, )™,

where
{r} =2 — [2]
denotes the fractional part of z.

Now consider the () 4+ 1 points

Vo, V1, ---,0Q
inside the unit cube
[0,1)™.
Since
Q=L",
we divide the cube [0,1)™ into L™ = @) smaller cubes, each of side length
11
7= o

There are () + 1 points and only () boxes. Therefore, by the pigeonhole principle, two
of the points lie in the same small cube.

Thus there exist integers
0<¢ <qg<@Q

such that v, and vy lie in the same small cube.

Therefore, for each 7 =1,...,m,

a0}~ {das)] < 7
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Now write

qo; = [qa5] +{qa;},
and similarly

da; = [qa;] +{da}.

Subtracting,
(¢ —d)aj = (lga;] — d'a;]) + ({gay} — {d'ey}) .
Let
Q1=q— q’.
Then
1<Q1 <Q.
Define

p; = laoy) — [d'ay].
Then p; € Z, and

1
(@ra; —pil < 7.
Dividing by @)1, we get
Dj 1
aj — L < ——
T Q1L
Since
L Ql/m,
we obtain .
pj
T Q:1QY™

Thus, if we rename ()1 as ¢, we have found integers

1<¢<@Q
and
P1y---3Pm € Z
such that .
b
121]8%}571 & q < qu/m'

This proves the theorem when () is an exact m-th power.

Now suppose () is not an exact m-th power.

Let
L=1[QY™|.
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Then
L™ <Q.

We divide [0,1)™ into L™ smaller cubes, each of side length
1

T
Now consider the L™ + 1 points

Vo,V1y...,0m.

There are L™ + 1 points and only L™ boxes. Hence, by the pigeonhole principle, two
of these points lie in the same box.

Thus there exist
0<q¢ <qg<L™

such that for each j =1,...,m,
, 1
{9y} —{d'a}| < 7
Set
Qi=q—4.

Then
1< <L™<Q.

As before, define
p; = laay] — [d'ay].

Then ]
|Qray —pjl < 7
Dividing by @,
p; 1
aj — L < —.
7@ QiL
Since
L LQl/mJ,
we have, for large @,
1
L>=QYm
> 2@
Therefore
1 2
— <
L — Ql/m




Probabilistic Methods in Analysis Swapnamoy Kader

Hence )
Dj
o — = <
T iQm
Renaming ()¢ as ¢, we obtain
1<¢<@Q
and
P, s Pm € L
such that )
_ b
12%)1(71 i q < qu/m'
Thus the theorem holds for arbitrary (), with a harmless constant. ]

6.5 Why This Appears Here

Dirichlet approximation and Spencer’s theorem share the same skeleton:
many objects 4 few boxes = two objects collide.

In Dirichlet, the objects are fractional-part vectors. In Spencer’s theorem, the objects
are sign vectors and the boxes are geometric covering sets.

37



Probabilistic Methods in Analysis Swapnamoy Kader

7 Discrepancy Theory and Spencer’s Theorem

7.1 The Discrepancy Problem
We are given an m X n matrix
A:(CLZ'J'), 1§z§m

with
|aij| < 1.

We want to choose signs
£1,...,en € {—1,1}

n
Yi = E @ij€j
J=1

so that all the row sums

are small simultaneously.
Equivalently, we want to make

[max |yl
as small as possible.

This is a discrepancy problem.

7.2 Discrepancy

Definition 7.1. Define the discrepancy of the matrix A by

n

E CLijEj

J=1

disc(A) = min max
gj=%11<i<m

So the problem is:

Can we choose signs so that every row is balanced?

The trivial estimate is easy. Since
|a2]| S 17

we have
n

E aijgj

j=1

n
<Y ay| <n.

j=1

|yi| =
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Therefore,
max lyi| < n.

Thus

disc(A) < n.

But this is a poor estimate. We want something closer to y/n.

7.3 Random Signs Give y/nlogm

First choose the signs randomly:
€j = +1
independently with probability 1/2.

For a fixed row 7, define

n
Y;': E aijfi]‘.
j=1

Since

E(‘gj) =0,
we get

E(Y;) = 0
Also,

Var(Y;) = a?j.
j=1

Since

|a2j| < 17
we have

a?j <1
Hence

Var(Y;) = Za?j <n.
j=1

By the exponential moment estimate, for a fixed i,

P(|Y;| > ¢) < 2e71/U4m),
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Now we want this for every row ¢ = 1,...,m. Use the union bound:
: < :
P (e 1> 1) < S B0V > )
Therefore )
P (max Yi| > t) < 2me~t /M),
To make this probability less than 1, it is enough to choose ¢ such that

2me_t2/(4”) < 1.

Taking logarithms, this means
2

o log(2m).

So we may choose

t ~ y/nlogm.

Thus random signs prove

disc(A) < Cy/nlogm.

This is good, but not optimal when m is comparable to n.

7.4 Why /n

A Hadamard matrix H is an n X n matrix with entries 1 such that the rows are
orthogonal. Equivalently,

HTH =nl.

Take

A= H.
For any sign vector

e=(e1,...,6n),

define

y = He.
Then

n
>yl = Hel3.
1=1
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But

|He||3 =" H  He.
Since

HTH =nl,

we get

el H'He = ne'e.
Also,

ele = Z {:‘? =n.

j=1

Therefore

n
2 9
E y; =n’.
i=1
Hence at least one coordinate satisfies

y; > n.

So
max |y;| > v/n.
2

Thus, in general, we cannot hope for better than order

Vn.

So the ideal theorem would say

disc(A4) < Cy/n.

Spencer’s theorem says this is true when

m < n.

7.5 Spencer’s Theorem

Theorem 7.2 (Spencer’s Theorem). Suppose
m<n

and
|aij| < 1.
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Then there exist signs

Sj = +1
such that
n
e: < Cv/n.
‘7:

This theorem is often called

| Six standard deviations suffice. |

Random signs give y/nlogm. Spencer removes the logarithmic loss when m < n.

7.6 Random Signs and the Cross-Polytope

Let
X, = =1
independently with probability 1/2.
Define "
Yi= D aiX;

j=1

We know .
E(Y?) = Za?j =n
j=1

Therefore

By Markov’s inequality,

, dmn
1=1

P (f:Y;Q > 4mn> < w

Since
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we get
P (Z Y;Q > 4mn> <
i=1
So with probability at least 3/4,

i Y2 < 4mn.
i=1

Now use Cauchy—Schwarz:

=1

Thus, with positive probability,
> 1Yl < 2my/n.
i=1

Normalize by defining

Then .
> 12| < 2m.
=1

So many sign choices produce points
Z=(Z1,....Zn)

inside the body

Km:{zeRm:Z|zi<2m

1=1

| =

m 2 m
(Z Y) <my V2
i=1

This body is called the cross-polytope. It is the ¢!-ball of radius 2m.

The important conclusion is:

At least 2" ! sign choices land inside K,,.

We use 27! instead of 3 - 2" /4 because the weaker estimate is enough.
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7.7 Covering the Cross-Polytope by Boxes

We now want to cover

Km{zeRm:Zzi<2m}

2

by cubes of side length B.
Let F},, be the least number of such cubes needed.

The goal is to prove
F,, <21,

Then since at least 2"~ ! sign choices land inside K,,, two of them must land in the
same cube.

That is where the pigeonhole principle enters.

7.8 The Recursive Covering Estimate

Take
z € K,,.

Define the set of large coordinates:

B
I = B i>_ .

lel‘ < 2m,
i

and each coordinate in I contributes at least B/2, we get

Since

I|— < 2m

Hence 4
m
I < —.

1<

Put

! = A
-5

Thus every point in K,, has at most m’ large coordinates.
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This is the key geometric observation.

To cover K,,, we first choose the possible set I of large coordinates. There are at most
m
m/

For fixed I, the coordinates outside I are small and can be covered by one interval of

length B. The coordinates inside I form a smaller-dimensional problem of dimension

m'.

choices.

This gives a recurrence of the form

and
, 4Am
m = —
B )
we have
mo B
m 4
Hence

For B > 16, this is bounded by something like

B™
Therefore o
F, < B™B™F,,.
Thus /
F,<B>F,.
Since
,  4m
m = —
B b
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we get

Fy < B8m/BF4m/B-

Now iterate this recurrence.

The exponents form a geometric series:

B+BB+B

8 8m 4 8m [ 4 2
B

If B > 16, then

4 1

<z

B~ 4
So the sum is bounded by

16m
B
Therefore
Fm < B16m/B‘

This is the covering estimate.
7.9 Choosing B
We want

It is enough to require

Taking logarithms,

16
?mlogB < glogz

Roughly, this means B should satisfy

B> "o B.
n

If

m < n,
then m/n < 1, so we may take B to be a large absolute constant.

Thus when m < n, the cross-polytope can be covered by fewer than 2"~ ! boxes of
constant side length.
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Therefore, by the pigeonhole principle, at least two sign choices land in the same box.

When m > n, one needs B growing roughly like

B ~ C'log (m)

n
or a related logarithmic quantity. This gives a weaker but still useful discrepancy
bound.

7.10 The Pigeonhole Step

We have at least
271—1
sign choices landing inside K,,.

If K, is covered by fewer than
2n—1

boxes, then some box contains at least two sign choices.

In the refined version of the notes, one actually gets a box containing at least

2n/2—1

sign choices.

Let that box be

Then many sign vectors
X =(Xy,...,X,) e{-1,1}"

have their normalized image

1 n
Z&QZQEE)W%
j=1

inside the same box B.

If two sign choices X’ and X" lie in the same box of side length B, then for every row
1

Y

[%(X') — 2:(X")[ < B.

This closeness is what will give a small discrepancy.
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7.11 We Need Two Sign Choices Far Apart

If we simply choose two sign vectors in the same box, they might differ in only one
coordinate.

That would not be useful.

We need two sign choices
X/ X//

which are:

(1) in the same box, so their images are close;

(2) far apart in Hamming distance, so they differ in many coordinates.
The Hamming distance between X’ and X” is the number of indices j such that

X! £ X7,

7.12 Counting Nearby Sign Choices

Fix one sign vector X'.

How many sign choices can be obtained from X’ by flipping at most ng signs?

o)+ () ()

This is the size of a Hamming ball of radius ny.

The answer is

We estimate it using the binomial theorem.

For 0 <t <1,
n
1+ = k.
(141) (k)t
k=0

For k < ngy, we have

th > ¢no.
Therefore o o
n n k n n
(1+8)" > (k)t 2t02< )
k=0 k=0
Hence
no n
<k> <t (1 4t)".
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Optimizing gives
"o

n—ng

Write
ng = qon.

Then the estimate becomes roughly

L i N/ 1 "
2 A 1
0 do — 4o
For gy > 0 small enough, this is less than
271/2—1.

Thus, inside a box containing at least 2/2~1 sign choices, not all of them can lie within
distance ggn of X'.

Therefore there exists another sign vector X” in the same box such that
/ "
X!+ X!
for at least

qon

indices j.

7.13 Constructing the Partial Coloring

Now define
X} —X}’
gj = ————.
2

Since

/ 1

X]7X] G {_17 1}7

we have

gj - {—1,0, 1}.
Indeed:

YY) _

while

/ " .
Since X" and X" differ in at least gyn coordinates, at least gon of the €;’s are nonzero.

Thus € is a partial coloring: it assigns signs to a positive proportion of the coordinates
and leaves the rest uncolored.
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7.14 Bounding the Error of the Partial Coloring

For each row i,
n 1 n

Zaijej = §Z(IZJ(X X”)

j=1 j=1

Using the definition of z;,

1 < )
= 7= 2 X

and .
H(X) = % ; 0 X",
Therefore .
Y ay(X) = X)) = v/ (2(X) = %(X"))
j=1
Hence

= YR (X) = (X

But X’ and X” lie in the same box of side length B, so

[%(X') — 2:(X")| < B.

Therefore

for every row i.
This is the partial coloring lemma.

It says:

We can color at least gon coordinates while keeping every row sum bounded by CBy/n.

7.15 Iterating the Partial Coloring

After the first step, at least gyn coordinates have been colored.
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So the number of uncolored coordinates is at most
n(l — qo).

Now repeat the argument on the remaining uncolored columns.
At step 0, there are n columns.

At step 1, there are at most

n(1l — qo)
columns.
At step 2, there are at most

n(1 — q)?
columns.
At step k, there are at most

n(1— qo)"

columns.
Each step colors a fixed positive proportion of the remaining columns.

Eventually the number of uncolored columns becomes 0.

7.16 FError Accumulation
At the k-th step, the number of active columns is
ng =n(l — qo)k.

The error contributed at that step is roughly
C/ng llog (ﬂ>1 .
N,
ng =n(l— q)",

1
log (ﬂ) = log (@> + klog < ) :
Nk n I —qo

So the total error is bounded by

Cvin (1 o) llog (%) + klog (1 _1%)] .

k>0

Since

we have
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This sum converges because
(1 . qo)k:/2
decays geometrically.

Therefore
n

E CLZ'jc‘Sj

J=1

<Cvn (1+log(m))‘

max —
) n

So the cross-polytope argument gives a bound of the form

disc(A) < Cv/n (1 + log (%)) :

When m < n, the logarithmic part is harmless, and we get

disc(A) < Cy/n.

This is the Spencer-type conclusion.

7.17 Why the Euclidean Ball Appears

At the end of the notes, we ask:

m
What if we cover {z : 222 < Qm}?
1

7::

This is the Euclidean ball, or ¢?-ball.

Previously we covered the cross-polytope:

Z |zi| < 2m.

7

That is an ¢'-body.

The Euclidean ball is smaller and rounder:

22 < 2m.

1

Covering the Euclidean ball can give a better covering estimate than covering the
cross-polytope.
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That improvement is related to the sharper Spencer bound

disc(A) < Cy/nlog (Z_m)
n

for m > n, and in particular

disc(4) < Cv/n
when m < n.

So the Euclidean-ball question is not random. It is the next natural improvement
after the cross-polytope argument.

7.18 DMotivation

In the proof of Spencer’s theorem, we previously considered the cross-polytope
m
{zeRm:Zzi §2m}.
i=1

We ask:

m
What do we get if we instead cover {z e R™: Z 22 < 2m}?

i=1
This new set is the Euclidean ball of radius v/2m:
m
BY'(V2m) = {z e R™: sz < Qm} :
i=1
The point is that covering the Euclidean ball gives a better covering estimate than
covering the cross-polytope.

The reason is simple:

¢' condition: Z |zi] < 2m

2

only charges a large coordinate linearly, while
¢* condition: Z 22 <2m
i

charges a large coordinate quadratically.

Thus large coordinates are more expensive in the Euclidean ball.
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7.19 Recall the Setting

Let

A = (ai)
be an m X n matrix with

la;;| < 1.
Choose random signs

X;==+1

independently with probability 1/2, and define
n
Y; = Z CLin g
j=1

Normalize by
Y;

J; = )
NG

Thus

1 n
Zi = NG jz_; i X

Earlier we used the body
> 1zl < 2m.
i=1

Now we instead use the stronger condition

i Z? < 2m.
i=1

So define

Em{zeRm:Zzl-2<2m

1=1

This is the Euclidean ball of radius v/2m.
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7.20 Many Sign Choices Land in the Euclidean Ball

We first show that many sign choices produce points inside E,,.

For each i,
n
Y; = E CLinj.
j=1

Since the X;’s are independent random signs,

E(X;) =0, E(X;) =1

Therefore 0
E(Y?)=E (Z ain]) :
j=1

Expanding,

n

E(Y?) =) aiB(X7) + > aijai(X; Xe).
=1 7k

Since X; and X}, are independent and mean zero when j # k,

E(X;Xk) = E(X;)E(Xy) = 0.

Also,
E(X7) =1
Hence n
E(Yf) = a?j-
j=1
Since
|aij] <1,
we get
E(Y?) <n
Now v
Z; = —L.
Vn
Therefore
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Summing over ¢ = 1,...,m,

E (Zm: ZZ) = iE(Zf) < m.

=1

By Markov’s inequality,

2m
=1

Since
=(2) <
i=1
we obtain
" 1
P Z2>omy < -
Therefore

m 1
2
IP’{Z Zi<2m}>§.

i=1
There are 2™ total sign choices. Hence at least
2n—1

sign choices land inside

i=1

Em{zERm:ZzZZSQm}.

7.21 The Covering Problem

We now want to cover

Em{ZERm: 22.2<2m}

i=1
by axis-parallel cubes of side length B.

Let
N (B)

P{izf>2m} < M
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denote the number of cubes of side length B needed to cover E,,.

If
N (B) < 271,

then since at least 2"~ ! sign choices land in E,,, two sign choices must land in the
same cube.

This is the pigeonhole step.
Thus our goal is to estimate N,,(B).

7.22 Why the Euclidean Ball Improves the Estimate

For the cross-polytope, we used

m

Z |zi| < 2m.

i=1

It

then that coordinate contributes at least B/2 to the ¢!-sum.

Therefore the number of large coordinates is at most

2m _4m

B/2 B’

So for the cross-polytope, the number of large coordinates is bounded by

For the Euclidean ball, we instead have

If
B
|Z1| Z a0
2
then
2 B?
2> =
27 > 1
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Therefore the number of large coordinates is at most

2m  8m
B?/4 B

Thus for the Euclidean ball, the number of large coordinates is bounded by

8m
B2’

This is the key improvement.
The cross-polytope gives a dimension drop of order

m

B Y
whereas the Euclidean ball gives a dimension drop of order

m
ﬁ‘

Thus the dimension drops much faster when using the Fuclidean ball.

7.23 Covering Estimate for the Euclidean Ball

We claim that, for B > 2,

Nm(B) < BC’m/B2

for some absolute constant C' > 0.

Equivalently,

m
log N (B) < Cﬁ log B.

This should be compared with the cross-polytope estimate

log Fin(B) < C% log B.

So the Euclidean ball improves

to

RIERESTE
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7.24 Proof Idea of the Euclidean Covering Estimate

Cover R™ by cubes of side length B, centered at lattice points
BE, k= (ki,...,kn)€Z™.

So each cube is
- B B
Qr=]] {Bki - E,Bki—k?] .

i=1

We only need to count how many such cubes intersect

Em{zeRm:ZzZ2<2m}.

=1

Suppose @) intersects F,,. Then there exists

z€ E, N Qk
Thus, for each coordinate,
B
i — Bki| < —.
5~ Bl < ¢
If k; # 0, then |k;| > 1. Hence
B
|zi| > Blk;| — X
Since |k;| > 1,
1 k;
il -1 > 1]
2 2
Therefore
|2i| > —|kil
Squaring,
BQ
2> Z k2,
ZZ 4 (2

Summing over all coordinates with k; # 0, we get

i=1

29



Probabilistic Methods in Analysis Swapnamoy Kader

But z € E,,, so

Therefore
B2
— N k2<2m
4 =1
Hence
= 8m
2
DK <5

=1

So every cube that intersects F,, corresponds to an integer vector
kez™

satisfying

oo

m

2

St

=1

Therefore N,,(B) is bounded by the number of integer lattice points in the Euclidean

ball
- &m
m . 2
{kez )k <—B2}.
=1

A standard lattice-counting estimate gives
= &m 2
m . 2 one Cm/B
#{keZ .Zki<32}<3m .
i=1

Thus

N, (B) < BE™/B”

This is the desired Euclidean covering estimate.

7.25 Comparison with the Cross-Polytope Estimate

For the cross-polytope, the covering estimate was roughly

F,.(B) < BB,

60



Probabilistic Methods in Analysis Swapnamoy Kader

Equivalently,
log Fin(B) < C% log B.

For the Euclidean ball, we get
N,,(B) < BCm/B”,

Equivalently,
m
log N, (B) < Cﬁ log B.

Thus the denominator improves from B to B2.

This is a real gain.

7.26 Applying the Pigeonhole Principle

We have at least
27’L71

sign choices inside the Euclidean ball.

If

Nn(B) < 2",
then two sign choices land in the same cube.
It is enough to require

BCm/B2 < 2n/2

Taking logarithms,
m n
Cﬁ log B < 3 log 2.
Thus we need
m

7 log B < n.

Equivalently,
B2> "o B.
n

So when m > n, we may choose
2
B~ \/m os (22
n n

m < n,

In the important case

we can take B to be an absolute constant.
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7.27 What Happens If Two Sign Choices Land in the Same Cube?
Let
X' =(X],...,X)

and
X" = (X{’,...,X;Z’)

be two sign choices whose normalized images land in the same cube of side length B.

That means for every i,
Zi(X') = Z;(X")| < B.

Recall

Therefore

Multiplying by /n,

‘ Z a” X//

Now define , B

£, = X] Xj

J 2 .
Since

/ 1

)(]7)(‘7 E {_1, 1}7

we have

€j € {-1,0,1}.
Therefore

E aijej ~

j=1

o _ B;/ﬁ.

So the partial coloring has error at most

C'By/n.

Using the choice of B, this becomes

CBy/n ~ Cy|mlog (2m)

62




Probabilistic Methods in Analysis Swapnamoy Kader

If m < n, then B is constant, and this becomes

Cv/n.

7.28 Comparison of the Two Methods

The cross-polytope method gave a covering number like

F,(B) < B™E,

To make this less than 2", one needs approximately

Bzmlog (E)
n n

Then the partial coloring error is roughly
Byn ~ Zlog <T) V.
n n

The Euclidean ball gives
N, (B) < BC™/B*,

2
BN\/@bg <_m>
n n

2
Byv/n ~ y/mlog (_m)
n

So it is enough to take

Then the error is roughly

Thus the Euclidean ball is better because it replaces a linear dependence on m/n by a
square-root dependence.

7.29 Main Takeaway

The cross-polytope uses

Z |zi| < 2m.

Large coordinates cost size B, so there can be about

m

B
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large coordinates.

The Euclidean ball uses
22 < 2m.

i

Large coordinates cost size B?, so there can be only about

m
B?
large coordinates.
That is why the covering improves from
BCm/B
to
BCm/BQ.
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8 Conditional Probability and Conditional Expectation

8.1 Motivation
Suppose a fair die is rolled. Before knowing anything, the probability of rolling a six is

P(6) = .

If someone tells us that the roll was even, then the possible outcomes become
{2,4,6}.

Now ]
P(6 | even) = 3

The probability changed because our information changed. This is the main idea
behind conditional probability.

8.2 Conditional Probability

Let A, B C () be events and assume P(B) > 0.
Definition 8.1. The conditional probability of A given B is

P(AN B)

PAIB) = =55

Interpretation: once B is known to occur, we treat B as the new universe. We ask
what proportion of B also lies inside A.

Example 8.2. Let A = {6} and B ={2,4,6}. Then

1 1
P(ANB) = - P(B) = —.
(AnB) =5, B(B) =
Therefore e 1

P(A|B):L:—.
/2 3

8.3 Conditional Probability Space

Given an event B with P(B) > 0, define

P(AN B)
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Then Pp is a probability measure on the new universe B.

Indeed:
e Pp(A) > 0.
e Pp(B)=1.

o If Ay, Ay, ... are disjoint, then
Pg (U Aj> = Pp(4;).
J J

8.4 Law of Total Probability
Suppose By, ..., B, form a partition of €2. This means
Q=BU---UB,, BiNBj=2 (i#}]).

Then for every event A,

Proof. Since the B; form a partition,
A=(ANB)U---U((ANB,),

and these pieces are disjoint. Hence

P(A) =) P(ANB).

But
P(AnN Bj) =P(A| B;j)P(B;).

Therefore
P(A) = P(A| B))P(B;).

J
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8.5 Bayes’ Formula

Using
P(A| B) = —P(ﬁ(;f )
and
P(AN B) = P(B | A)P(A),
we get
p(A| B) = 2B 1;> (AB))P )

If Ay,..., A, partition {2, then

8.6 Conditional Expectation on an Event

Let X be a random variable. We define the average of X on B by

E(X | B) = ﬁ 3 X(w)P(w).

Equivalently,

E(X1p)

E(X | B) = =551

Example 8.3. Let X (i) =i on a fair die, and let B = {2,4,6}. Then

1 1 1
E(X1g)=2-=44--46-==2.
(XT5) 6 T 506
Since P(B) = 1/2,
9
E(X | B) = — = 4.
1/2

This is exactly the average of 2,4, 6.

8.7 Partition Version

It
Q=BU---UB,
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is a partition, then define a new random variable by
E(X | F)=E(X|B;) onB;.

Thus conditional expectation is constant on each information block.

Key point. Conditional expectation is averaging with respect to the information
available. If we only know which block B; contains the outcome, then the best
prediction of X is the average of X over that block.
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9 Sigma-Algebras, Filtrations, and Conditional Expec-
tation

9.1 Information as a Partition
Suppose we toss a coin twice:
Q={HH,HT,TH, TT}.

If we only know the first toss, then we cannot distinguish HH from HT', and we
cannot distinguish T'H from T'T". Thus the information gives the partition

{HH,HT},  {TH,TT}.

Each block consists of outcomes that look identical under the information available.

9.2 Sigma-Algebras: Informal View

In finite probability spaces, a sigma-algebra can be viewed as a collection of events
whose occurrence can be determined from the information available.

For example, if we know only the first toss, then the event “first toss is heads” is
observable, but the event “second toss is heads” is not observable.

9.3 Filtrations

Information usually grows over time.

Definition 9.1. A filtration is an increasing sequence of sigma-algebras

FoCFI CFaC -

Here Fj. represents the information available at time k.
Example 9.2 (Coin tosses). Before tossing any coin, we know nothing:
Fo = {,@, Q}

After the first toss, F; contains events determined by the first toss. After the second
toss, Fy contains events determined by the first two tosses. Thus

Fo C F1 C Fo.
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9.4 Conditional Expectation with Respect to Information
Suppose F is generated by a partition
Q=BU---UB,,.

Then

E(X | F)=E(X | B;) on B;.

So E(X | F) is a new random variable, constant on each atom B;.

Example 9.3. Let Q = {1,2, 3,4} with equal probabilities. Define
X(1)=1, X(2)=3, X3)=2, X(4) =6.
Let By = {1,2} and By = {3,4}. Then

1
E(X]Bl):%?):z
and 946
E(X’BQ):T:4.
Therefore

2, WEBl,
9= {7 225

9.5 Average Preservation

Theorem 9.4. For any integrable random variable X,

E(E(X | F)) = E(X).

Proof. Let F be generated by By, ..., B,,. Then

E(X | F)) ZEX|B B;).

Using the definition,

=3 I(PX]lB Bj) =Y E(X1p,) = E(X).

J
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9.6 Tower Property

If G C F, then

EEX | F)[9) =EX|G)

This says: averaging to a fine level and then averaging again to a coarser level is the
same as averaging directly to the coarser level.

9.7 Dyadic Intervals and Dyadic Filtration

On [0,1), split into dyadic intervals.

Level 0:
0,1).
Level 1:
0,1/2), [1/2,1).
Level 2:
0,1/4), [1/4,1/2), [1/2,3/4), [3/4,1).
Level k consists of intervals of length 27

Let Fi be the sigma-algebra generated by dyadic intervals of level k. Then
FoCFLCFoC---.

9.8 Dyadic Conditional Expectation

For f € L'([0,1]), define

fe =E(f | Fr)-
0,1)
level 0 | I
level 1 | i |
level 2 | i i i I
level 3 | I I I I I I I I

As k increases, JF}, contains finer information,
and f, = E(f | F) is a finer step-function approximation to f.

Figure 1: The dyadic filtration on [0, 1) refines the interval into smaller dyadic pieces.

71



Probabilistic Methods in Analysis Swapnamoy Kader

On each dyadic interval I of level k,

1
) = /I f@ydt (ze ).

Thus f; is the piecewise constant approximation obtained by replacing f on each
dyadic interval by its average.

Remember

The sequence f, = E(f | Fi) is the central example for the rest of the course. It
will become a martingale.
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10 Martingales and Dyadic Martingales

10.1 What Is a Martingale?

A martingale is a mathematical model of a fair game. Given all current information,
the best prediction of the next value is the present value.

Definition 10.1. Let Fy C F; C --- be a filtration. A sequence Xy, X1, Xo,...is a
martingale if X} is Fip-measurable and

E(Xky1 | Fi) = Xk

for every k.

Equivalent formulation:

10.2 Example: Simple Random Walk

Let e = +1 with probability 1/2, independently. Define
Sp=¢e1+ - +¢,.
Let F,, be the information generated by €1,...,¢,. Then
Spt1 = Sy + Ent1-
Taking conditional expectation,
E(Spt1 | Fn) = S+ E(epnyr | Fn) = Sh.

Hence S,, is a martingale.

10.3 Martingale Differences

Define

dp = X — Xp—1.

Then

n
Xo=Xo+ Y _d.
k=1
The martingale property implies

E(dy, | Fr_1) = 0.

Indeed,
E(dy | Fr-1) = BE(Xy — Xp—1 | Fro1) = Xpm1 — X1 = 0.
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10.4 Constant Expectation

If X} is a martingale, then

EX, = EX,.|

This follows by the tower property:
EX, =EEX, | F.-1)) =EX,,_1 =+ = EX,.

10.5 The Dyadic Martingale

Let f € L'([0,1]) and define

fe =E(f | Fr)-

Then fj is a martingale:

E(frr1 | Fr) = fr-

Proof. Since fry1 = E(f | Frr1),

E(fit1 | Fx) = EE(S | Frs1) | Fr)-

By the tower property,

EE(f | Frrr) | Fr) = E(f | Fi) = fa-

10.6 Local Dyadic Picture

parent interval J

fro1 = iﬂ,i Sp-1=5
J, split J

fe=z+a fir=2—a
Akf =a Akf = —a
On both children, (A f)* = a*.
Therefore S; = s* + a? is constant on the whole parent interval .J.

Figure 2: The local dyadic martingale picture on a parent interval J.

Let J be a dyadic interval at level £ — 1. On J, both fir_1 and S;_; are constant.
Write

Jr-1=1.

74



Probabilistic Methods in Analysis Swapnamoy Kader

The interval J splits into two children J, and J_. Since f; must average to fr_1 on
J, we can write
fr =x 4+ a on one child,

and
fr = x —a on the other child.

Therefore
Apf = fi — fi—1 = £a.

This local picture is used repeatedly in the square-function proof.
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11 Martingale Differences, Orthogonality, and Square
Functions

11.1 Martingale Differences

For the dyadic martingale fr, = E(f | F), define

Apf=fe = fr-1.
Then .
fo=fo+ 3 Auf.
k=1
Moreover,

E(Arf | Fr-1) = 0.

11.2 Orthogonality

Theorem 11.1. If j # k, then

/Aijkf:O.

Proof. Assume j < k. Then A;f is Fj;-measurable, hence also Fj_j-measurable.
Therefore

/Aijku /AjfE(Akf | Fr-1)-

But
E(Agf | Fr—1) = 0.

Hence the integral is zero. O

11.3 Pythagoras’ Formula

Since .
fo=fo+ ) Arf
k=1

and the terms are orthogonal in L2,

1£all3 = 1Lfoll3 + ) A3

k=1
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11.4 Square Function

Definition 11.2. The square function is

so that

. 1/2
- (Do)
j=1

The limiting square function is

o 1/2
S = (Z(AW) .
j=1
11.5 Local Formula
In the local dyadic model,
fk =z *a.
Thus
Akf = :l:CL,
SO
(Arf)? = a’.
Therefore

S2 =82  +a*

This is one of the most important computational identities in the course.

11.6 The Fundamental L? Identity
By definition,
k
[s=3 [
j=1

Using orthogonality,
k

;/@jf)z:/f,%—/fé-
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[#=[s+ s
[r-[a [+
[r-]

11.7 The Question for p # 2

Thus

Letting k — oo,

If fo =0, then

For p = 2, orthogonality gives equality. For p # 2, we want constants c,, C;, > 0 such
that

ol flle < WS lp < Coll £l

for 1 < p < 0.
This is the dyadic Littlewood—Paley theorem.
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12 Supermartingales and the Burkholder Method for
p > 2

12.1 The Goal

Let f be a periodic function and let

fe =E(f | Fr)
be the dyadic martingale generated by f. Define the martingale differences by
Apf = fr = fe-1.

The dyadic square function is defined by
Sk = Si + (A f)?,

with the convention

So = |fol-
Thus
k
SE=15+ > _(Aif)7
j=1
Let
S = lim Sk
k—o0

The claim is that for 1 < p < oo,

and

/i
1

are comparable. In this note we prove the upper square-function estimate for p > 2:

[sr=a [

151l < Cpll fllp-

Equivalently,
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12.2 Supermartingales

Definition 12.1. A sequence X}, is a supermartingale with respect to Fj, if

E(Xk | Fr-1) < Xp-1.

Then
EX; <EXp 1 <--- <EXj.

12.3 The Case p > 2

For p > 2, we no longer have such an exact identity. Instead, we prove an inequality
by constructing a supermartingale.

Fix p > 2. We define
Xy = 5] — AS} SR

where A > 0 is a large constant to be chosen later.

The goal is to prove

E(Xk | Fro1) < X1

This means that (X}) is a supermartingale.

Once we know this, taking expectations will give

EX, < EX,.

This will eventually imply the desired estimate

[sr<c, [

12.4 The Local Dyadic Picture

Fix one dyadic interval J at level & — 1.
On J, both fr_1 and S;_1 are constant. Write

Jro1 =, Sk-1 = 5.

The interval J splits into two children:

Jy and J_.
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Since f; has conditional expectation fry_; on J, the two child values average to x.
Therefore we may write
fr=x+a on Jg,

and

fi=x—a on J_.
Hence

Apf=a on Jy,
and

Apf=—a on J_.
Therefore

(Apf)? =a?
on both children.

Thus
S =82 |+ (ALf)? =s*+a

on both children.

So Sj is constant on the whole parent interval .J. Let
r=S=vVs2+d

This is the important dyadic “miracle”:

Si is constant on the parent interval .J.

12.5 Estimate the S} Part

We compare
Sy and S},

In the local notation,
Sk =r, Sk—1 =5,

where
7‘2 = 52 + a2.
Therefore
Sy =S =rP—s'= (s + az)p/2 —sP
Let
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Since p > 2, we have p/2 > 1, and ¢ is increasing and convex.

By the mean value theorem,
(57 + )2 = s = 6(s” + a®) — §(s?)

is bounded by
¢ (s> + a*)a®.

Since D

¢'(u) = §UP/2_1>
we get

(SQ n a2)p/2 < 2(52 n a?)p/2—1a2.

But

(s> +a®)2 =r.
Thus

(s% 4+ a?)P/>71 = pp2,

Therefore

D
r? —sP < §rp %a?.

In martingale notation, this becomes

Sy = SP_y < 550 A,

12.6 Estimate the S?°f? Part
Now we compare )
STk
with
-2
Sioifir
Recall that on the parent interval J,

Sp=r, Sk—1 =5, fr—1 = .

Also,
fe=x+a on Jg,

and
fi=x—a on J_.
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Therefore . )
E(ff | Fro1) = 5(33 +a)?+ 5(517 —a)®.

Expanding,
1 2 1 2 1 2 2 1 2 2
5(sc+a) +§(x—a) :§(x +2ax+a)+§(a} —2ax + a”).

The cross terms cancel, so

E(fZ | Fyo1) = 2% +a*.

Because Sj = r is constant on the parent interval,

E(SP2f2 | Foo1) = P2 (2® + d?).

Therefore , )
E(SYfi | Fre1) — SE_i froy

equals
rP72(2? + a?) — P22,

Rewrite this as
rP=2a? + (rP7% — sP72)2?,

Since r > s and p > 2, we have

P72 — P72 > ().

Therefore
rP=2a? + (rP7% — P73 g? > P22,

Thus

E(SP2f2 | Foo1) — SP2f2 1 > SP2(ARS)2.

12.7 Prove the Supermartingale Property

Recall
X =8P — ASP 2 f2.

Then
Xy = Xpr = (S —Sp_) — A (Sg_Qfl? - Sé’iff;?_l) :

Take conditional expectation with respect to Fj_1.
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Using the first estimate,

E(S) = SP_y | Fier) < SS0 (A2,

Using the second estimate,

E (P02 = SILR | i) = U (AS)

Therefore P
E(Xg — Xp-1 | Fr1) < §5£_Z(Akf)2 — AST(ARS)
Hence D
E(X), — Xp_1 | Fi1) < <§ - A) ST (ARS)2.

If

A>L

-2
then
E(Xy — Xg—1 | Fr—1) <0.

Therefore

E(Xy | Fr1) < X1

Thus (X}) is a supermartingale.

12.8 Take Expectations

Since X} is a supermartingale,

EX. < EX,.
Now
Xo = Sh— ASE 2 f2.
Since
SO — ’f0|7
we have
Xo = |fol” = Al folP2 15
But
|folP 725 = | folP-
Therefore

Xo = (1= A)lfol".
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If A>1, then
X0 <0
Thus
EX; <O0.
Hence
E(Sp—ASp2fE) <o.
Therefore

ES}, < AE(S{ 7).

/Sg < A/Sg_Zf,f.

12.9 Apply Holder’s Inequality

Bt

Use Holder’s inequality with conjugate exponents

In integral form,

We estimate

P and ]—j
p—2 2
Indeed,
-2 2
p_ + - = 1
p P
We write
55*2 — (Sg)(p—ﬂ/p
and

fio = (Ifl)??.
Therefore Holder gives

o= (fs)" (fur)”

Using the previous inequality,

Jasa(f) ()
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Assume first that

/ S £ 0.
o
(o) <)

Raise both sides to the power p/2:

/SZSAP/2/|fk|p-

If [S? =0, the inequality is trivial.

/SﬁéAp/z/’fk\p-

12.10 Use Jensen’s Inequality

Divide both sides by

Then

Therefore

Recall
fe =E(f | Fr).

Since the function
x> |x|P

is convex for p > 1, Jensen’s inequality gives

[fel” = [E( | Fa)lP < E(SP | Fr)-

Integrating,

[isr< [
Hence

/Sz gAp/2/|f|p.
Thus

/ S < APl / P
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12.11 Let k = o

Since

k
Si= 15+ > _(Aif)

j=1
the sequence Sj is increasing pointwise:
Sk < Sk
Also,
Therefore
Sy — SP

and S} increases pointwise to SP.

By the monotone convergence theorem,

/Sp: lim Sg.
k—o0
/SﬁgAp/Q/!f!p
/Sp SAp/2/|f‘p_

Since

for every k, we get

Choosing
A="
2
gives
p p/2
P < (= b
[0 [
Thus, for p > 2,
151, < Coll fllp-
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12.12 What the Miracle Means

The key special feature of the dyadic martingale is this:

On a parent interval J,

Apf =+a
on one child and

Akf = —a
on the other child.
Therefore

(Apf)? = a?

on both children.

Hence
St = Si_1 + (Arf)? = s* +d?

is constant on the whole parent interval J.

This is why, in conditional expectations,
p—2
S k

can be treated like a constant on the parent interval.
That is the “miracle” in the proof.

Without this dyadic symmetry, the computation is much less direct.

12.13 Conclusion

For p > 2, by constructing the supermartingale

Xp=S)— ASI° f2,

with
A>L
— 2
we obtain
<6, [
Equivalently,
ISl < Gl flp-

This proves the upper square-function estimate for p > 2.
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13 Burkholder Method for 1 < p < 2

13.1 Statement of the Result
Let f be a periodic function and let

fe =E(f | Fr)

be the dyadic martingale generated by f. Define the martingale differences by
Apf = fr = fe-1.
The dyadic square function is defined by
Sk = Sic + (A f)?,

with
So = [fol-
Equivalently,
k
Sif = f02 + Z(Ajf)2
j=1
Let
S = lim Sk
k— 00

The goal is to prove, for 1 < p < 2,
/Ws%/m“

151l < Cpll fllp-

Equivalently,

In the argument below, we first assume f > 0, which is the setting used in the class
notes.

13.2 Why the p > 2 Argument Changes

For p > 2, one uses the supermartingale

Sy — ASET £,
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But when
1 <p<?2

the exponent p — 2 is negative. Hence

p—2
Sk:

can become singular near S = 0.

So for 1 < p < 2, we instead use the modified expression

X = (S2+ 72" = Af}

The goal is to prove that (Xj) is a supermartingale for A sufficiently large.

That is, we want

E(Xy | Fro1) < X1

13.3 The Local Dyadic Picture

Fix a dyadic interval J at level k£ — 1.

On J, the functions f;_1 and Si_; are constant. Write
Jk1 =1, Sk-1=s.

The interval J splits into two children, J; and J_. Since f; averages to frx—1 on J,
the two child values may be written as

fe=x+a on Ji,

and

fi=x—a onJ_.
Thus

Arf=a on Jg,
and

Apf=—a on J_.
Therefore

(Apf)* =d®
on both children.

Hence
St = Si_1 + (Arf)? = 8"+ d®
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on both children.
So S is constant on the parent interval .J.

Since we are assuming f > 0, the child values satisfy

r+a>0, z—a>0.

Therefore
la| < x.

This fact will be used when applying Taylor estimates to f .

13.4 The Supermartingale

Define
Xy = (SE+ fAr?— A,

where A > 0 will be chosen later.

We want to prove
E(Xy — X1 | Fr-1) <0.

In local notation,
Xy = (2 + 22?2 — Ag?.

On the two children,
Xp=(+a"+ (z+ (1)2)20/2 — A(x + a)?,

and )
Xy = (s*+a+ (v - a)2)p/ — Az — a)?.

We estimate the two parts separately.

13.5 Estimate the (S? + f2)?/? Part

We first estimate
(S + f/?)p/Z —(Si + flg—l)p/Q'

Let
B = % + 22

On the two children,
Si+ fi=s+a+ (z+a)’
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and
Si+ fi=5"+a+ (z—a)
Compute:
§*+a*+ (v +a)® = s* + 2% + 2a° + 2za = B + 2a* + 27a,
and
2+ a4+ (x —a)? = s> + 2* + 2a* — 2za = B + 2a* — 2za.
Let
o(u) = u”.
Since
1<p<?2,
we have p
0< 5 <L

Therefore ¢ is concave.

For a concave function,

¢(B+h) — ¢(B) < ¢/(B)h.

Also,
¥ (u) = Ju*,
Therefore,
2 _ D rpja—1/6 2
&(B+2a° + 2xa) — ¢(B) < 2B (2a° 4 2za),
and

¢(B + 2a* — 2xa) — ¢(B) < ng/21(2a2 — 2za).
Averaging over the two children gives

E [(S¢ + fi)? = (Sioy + fi)”? | Fiaa

1 |
<5 ng/2_1(2a2 +20a) + 3 - ng/Q—l(za2 ~ 9za).

The 2xa terms cancel, so

E (S/% T f,?)p/2 - (Sl%—l + flg—1>p/2 | fk—l} < po/2_1a2.

Since
B=gs*+2%>2a?
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and

p
- —1<0
2 )
we have
Bp/2—1 < (x2)p/2—1 _ :Ep—Q'
Thus

B [(SE+ f22 = (SEy + SR | Fia| < po?~2a®

In martingale notation, this is

E |(S2+ fR2 = (P + )2 | Fia| < pAE3 (AR,

13.6 A Taylor Estimate for [}

We now estimate
E(fy = fo_1 | Fr-1)-

Locally this is
1 1
5(3: +a)? + 5(:{: —a)f —aP.

Because f > 0, we have

la| < x.
Set
a
u=—.
T
Then
lu| < 1.

We need the following elementary inequality.

Lemma 13.1. Let 1 < p < 2. There exists a constant ¢, > 0 such that for every
-1 <2<,

(1+2)P — 1> pz+c,2°

One may take, for example,

Proof. Let




Probabilistic Methods in Analysis Swapnamoy Kader

Then
g'(2) =p(1+ 2P,
and
g"(z) =plp = 1)1+ 2)P72

Since 1 < p < 2, the exponent p — 2 is negative. On the interval [—1, 1], the quantity
(1 + 2)P~2 is bounded below by a positive constant away from the endpoint issue in
the Taylor estimate, and one obtains a positive quadratic lower bound.

Thus there exists ¢, > 0 such that
(14 2)P > 1+ pz + 2
for -1 <z<1.

A rough usable choice is

Applying the lemma to z = u, we get
(1+u)? — 1> pu+ cu’,

Applying it to z = —u, we get
(1 —u)? — 1> —pu+ cpu?,

Adding the two inequalities and dividing by 2,

1 1
§u+uy+§u—uy—12%ﬁ.

Multiplying by xP, we obtain

1( i )p+1( P — P > p(a)2
S +a S(x—a > et ()

Therefore

1 1
5(:{; +a)’ + 5(:1) —a)P — 2P > cpaP2a’.

Hence

E(fF — 2, | Fror) > cpf P2 (Af)2

Using the rough constant from the notes, we may take

p—1

Cp = .

4
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13.7 Combine the Two Estimates

Recall
Xi = (Sp+ fR)P?— AfL.

Then
X = Xy = [(SE+ S22 = (SEoy + 0] — AU = L),

Taking conditional expectation and using the estimates above,
E(Xg — Xg-1 | Fr-1)

< pTHARS)? = Acy (AR

Therefore ,
E(Xy — Xp1 | Fio1) < (p— Acy) fLE(ALS)

If

A>L

Cp
then
E(Xy — Xg—1 | Fr-1) <0.

Thus

E(Xk | Fr-1) < Xp-1.

So X} is a supermartingale.

Using the rough value

_p—1
=1
it is enough to take
A > A
p—1
13.8 Initial Value
Now compute Xj.
Since
SO = |f0|7
and in this part f > 0, we have
So = fo-
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Thus
Xo = (S5 + 3> — AfY.
Since
So+ fs =23,
we get
Xo = (2f2)P/% — Af?.
Hence
Xo=2P2f0 — AfP.
Therefore
Xo = (202 — A)fP.

If

A > op/2
then

X0 <0
So choose

A> max{2p/2,4—p}.
p—1

Then X} is a supermartingale and Xy < 0.

13.9 Take Expectations

Since X} is a supermartingale,

EX, <EX,

But

X0 <0
Therefore

EX, <0
That is,

E[(S7+ 12— aff] <o,

Hence

E(S; + f2)"* < AEfY.

In integral notation,

Jstrsrrzafs
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13.10 Deduce the Square-Function Estimate

Since

Sk < Sp+ f7,
we have

SP < (Sp+ fRPR.
Therefore

[st< e

/%gA/ﬁ.

fe =E(f | Fr)-

Since x — |z|P is convex for p > 1, Jensen’s inequality gives

[fel” = [E( | Fa)lP < E(FP | Fi).

[isr< [
/%SA/UW

Using the previous estimate,

Now

Integrating,

Therefore

13.11 Let k =

Since i
Si= 15+ > _(Af)
j=1
we have
Sk < Skt
Also,
Sk — S.
Thus
S,f — SP
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monotonically.

By the monotone convergence theorem,

/Sp = lim SZ.
k—o0
/%SA/MP
/WSA/UW

1Sl < Coll £l

Since

for every k, we obtain

Thus, for 1 < p < 2,

13.12 Main Idea of the Proof

For p > 2, the useful supermartingale was

Sp— ASETfE.

For 1 < p < 2, this is not good because 55_2 has a negative exponent.

So instead we use

X = (Sp+ 2% - Afy.

The proof works because the term
(St + fr?

increases slowly, while the term
D
Ji
increases enough on average to dominate it.

The key Taylor estimate is

(1+2)P — 1> pz+c,2? |z| < 1.

This is the main inequality in the 1 < p < 2 case.
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13.13 Conclusion

For 1 < p < 2, choosing

A> max{Qp/z, 4_]?} ’
p—1

the process

Xp=(S¢+ [P = Afy

is a supermartingale with Xy < 0.

[sr<c, [

151l < Cpll fllp-

Therefore

Equivalently,

13.14 Summary of the Two Upper-Bound Cases
For p > 2 use
Xp =SV — ASP2f2.

For 1 <p < 2 use
Xy = (S + )2 = Alfil?.

Both are designed so that
E(X) | Fr-1) < Xi-1.

Both imply

1SCHlp < Cpll fllp-
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14 Reverse Inequality and Completion of Littlewood—
Paley

14.1 The Theorem

Let 1 < p < o0, and let

=P
p—1
be the conjugate exponent, so that
1 1
-+ — = 1
P q

Let fr, = E(f | Fi) be the dyadic martingale generated by f, and define the martingale
differences by

Arf = fr = fr-1.

The square function associated to f is

ST= 13+ (M)

k>1

Previously, we proved the upper bound

1571lp < Cpll Fllp-

Now we prove the lower bound

||f||p < OpHSpr'

[ir<c s

1 £1lp =p ISCH Il

Equivalently,

Together,

for 1 < p < .
This proof uses LP-duality.
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14.2 [P-L9 Duality

We use the following standard fact.

Theorem 14.1 (LP-duality). Let 1 < p < 0o, and let q be the conjugate exponent:

Then

Hf“p = Sup
llgllg<1

Jil

Proof. First, by Holder’s inequality,

ol () ()"
‘ [t

‘/fg
/ fg| <1l

For the reverse inequality, assume f # 0. Define

1Pt sen(p)
([ 1f1) e

Thus
<[ fllpllgllg-

If |||l < 1, then

< [ flp-

Therefore

sup
lgllg=<1

Then (o-1)
mw:'ﬂp 5
JIfP
Since
(p—1g=p,
we have
9|9 = ﬂ‘
J1fP

101



Probabilistic Methods in Analysis Swapnamoy Kader

Hence
Jlalr=1
So
Hqu = 1.
Also,
[ 10- Sl
(1)
Therefore
1-1/q
/ fg= ( / |fIP ) :
Since | |
1——=-,
q p
we get
1/p
[50= ( Jue) =15l
Thus
Il < sup | [ 1.
llgllq<1
Combining both inequalities,
Il = s | [ fg'
|9 |q
This proves the duality formula. ]

14.3 Martingale Expansions

Let
fe =E(f | Fr), gr = E(g | F).
Define
Apf = fr — fi-1, Arg = gk — Gr—1.
Then

k
Je = f0+ZAif;
i=1
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and
k

g =90+ Y Aig.

i=1

Passing to the limit, formally,

f="ro+ Y Aif,
i>1
and
g=g0+ > Aig.
i>1

The martingale differences are orthogonal in L?. Therefore,

/fQZ/fogo+Z/AifAig~

i>1

So we have the identity

[to= [+ [airag

i>1

This is the martingale analogue of Parseval’s identity.

14.4 Pointwise Cauchy—Schwarz

At each point x, consider the two sequences

(fo@), Avf(2), Aef(x),...)

and

(g0(z), A1g(z), Aag(),...).

By the Cauchy—Schwarz inequality,

fogo+ Y Aif Aig

i>1

i>1

But
St=fo+ D (A,

i>1

1/2 1/2
< <f§ + Z(Aif)2> <93 + Z(Aig)2> :
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and
Se =5+ Y _(Aig)”
i>1
Hence
Jogo + Z Aif Aig| < SpSy.
i>1

Integrating, we get

EBE

This is the key estimate.

14.5 Apply Holder’s Inequality

[ss,
fos=(f)" (/)"

\ / fg‘ < 151,14l

Now we use the upper square-function inequality, already proved for every exponent
1 <r <oo:

Now apply Holder’s inequality to

Since 1/p+1/q¢ =1,

Thus

1Sullr < Cr |l
Apply this with h = g and r = ¢. Then

15gllq < Collgllg-
Therefore

[ 19] < Culsslplate
If
lgllq <1,

then

[ 14 < Culssl
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14.6 Take the Supremum

Now take the supremum over all g such that

lglly < 1.
Using LP-duality,
111, = sup | [ 73]
llgllq<1

But we proved that for every such g,

[ sd] <cisi,
Therefore

/1y < CallSill,p-

Raising both sides to the p-th power,

/!flp < 05/S§.

This is the desired lower bound.

14.7 Final Square-Function Theorem

Combining the upper and lower bounds, we obtain
o [lv< [sp<c, i

157l ~p [1F1p-

Equivalently,

This holds for every
1 <p<oo.

14.8 Summary of the Lower Bound Proof

The lower bound follows from the chain of inequalities
[to= [+ [ o,
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then
'/fg' < /Sng,
then
[ 565, < 1, 1bl e
and finally
15gllg < Cllglly-
Thus

\ / fg‘ < G155 Il

Taking the supremum over all g with

lglly <1

gives
1 llp < Coll Sl

/|f|p§0p/5§-

Therefore

106



Probabilistic Methods in Analysis Swapnamoy Kader

15 The Hilbert Transforms and Martingale Transforms

15.1 The Hilbert Transform

The Hilbert transform is formally defined by

Hf(x) :/R f(_yz/ dy.

The problem is that the kernel

has a singularity when

Thus the integral is not an ordinary Lebesgue integral.

Instead, the Hilbert transform is defined as a principal value:

Hf(x) =p.v. Mdy.
RL—Y
That means
Hf(x) =lim /) dy.

0 Jjz—yl>e T — Y

Equivalently, define the truncated kernel

1
- |t| >,
Ka(t) =4t
0, |t|<e.
Then
Hof@) = [ Koo =)s)dy
and

Hf(x) =lim H,f(x).

e—0
The main theorem one wants to prove is the LP-boundedness of the Hilbert transform.
Theorem 15.1 (Boundedness of the Hilbert Transform). For every
1 <p<oo,

there exists a constant Cp, > 0 such that

| H fllzr@) < Cpll fll e w)-
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The Hilbert transform is difficult to study directly because its kernel is singular and
non-local.

So we first study a dyadic model operator built from Haar functions.

15.2 Dyadic Intervals and Haar Functions
A dyadic interval is an interval of the form
I=[k27" (k+1)27"),

where
k.,n € Z.

Each dyadic interval I splits into a left half and a right half:

I=1LUlI.

Define the unnormalized Haar function by

hy =15 —1;j,.
Thus
1, x € 1,
hf(x) = _17 YIS -[7“7
0, az¢l

The Haar functions have mean zero:
f =

h3 =1,

Jw=m.
The Haar functions are orthogonal:

/h[hJ:O

I+

Also,

SO

whenever
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More precisely,

Thus the Haar functions form an orthogonal system, although not an orthonormal
one.

15.3 Haar Expansion of a Function

Assume for simplicity that f has mean zero:

fron

f = Z C]h[.
1

The coefficient c; is obtained by orthogonal projection:

Then f has a Haar expansion

_ <f7 hI>
Cr = .
(hr, hr)
Since
(hr, hr) = |11,
we get
1 /fh
Cr = v I-
1]
Thus

f == ZC]hI.
I

This is the Haar analogue of a Fourier expansion.

In martingale language, the martingale difference associated to I is

A[f = C[h[.

Therefore

= ZAIf = chhl-
T T
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15.4 The Dyadic Square Function

The dyadic square function of f is

1/2
Sy(z) = <Z|A1f($)|2> ~

Since
Arf =crhr
and
h? =1y,
we get
|Arf(2)P = |er]Li(2).
Hence

Sp@)® = Jer i (x),

The martingale square-function theorem says that for
1 <p< oo,

we have

1S llze = (|57l 2r-

That is, there exist constants c,, C), > 0 such that

cpll fllee < [S¢llze < Cpll fllzo-

15.5 The Dyadic Model Operator

Instead of studying the Hilbert transform directly, we define a dyadic model operator
T.

We define T' by specifying its action on Haar functions:

T(hy) = hy, — hy,.

So if

then
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Therefore

Tf = ch(h[l — h[r).
1

This operator is called a Haar shift.
It is a dyadic analogue of the Hilbert transform.

The Hilbert transform shifts oscillations in a continuous way, while 7' shifts Haar
oscillations from a dyadic interval to its children.

15.6 What Happens to the Square Function?

The key question is:

What happens to Sy when we apply 177

That is, how does

Sty
compare to
Sy?
The answer is:
Sty =5y.

This is the main miracle of the dyadic model.

15.7 Proof That Sr; = S

Suppose
f = Z C]h[.
I
Then
Sp() = lerf 1y ().
I
Now apply T

Tf = ZC[(h[l - h]r).

1

For each dyadic interval I, the coefficient c¢; is moved to the two children [; and I,
with opposite signs.
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However, the square function does not see signs.
It only sees squares of coefficients.

For a fixed x € I, exactly one of the two children I; or I, contains x. Therefore the
contribution of the coefficient ¢; to the square function of T'f is still

ler|?

on the interval I.

Hence
Srr(x)® =) ler1s ().
I
But this is exactly
Sp(x)?
Therefore
STf = Sf.

15.8 [LP-Boundedness of the Haar Shift

Using the square-function theorem, we prove that T' is bounded on L?.

For
1 <p< oo,

we know
[Allze 2=p |ShlLe-

Apply this to T'f:
1T flze <p 1577l e

But
Sty =5y.

Therefore
ITflle Sp IS¢ 2o

Apply the square-function theorem again to f:
1S¢llee <p [[f 1l e-

Thus

1T fllze < Gl flze-
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So the dyadic Haar shift is bounded on L? for every

1 <p<oo.

The argument can be summarized by the chain

1Tl = 1574 lle = 11S7llze =p [ fo-

This is exactly the line from the notes:

IFllze ~ 1S 1ze = 15T o = 1T £l o

15.9 Writing T" as an Integral Operator

Now we rewrite T in kernel form.

We have
Tf=Y eilhy —hy,),
I
1
cr = m/f(y)hz(y) dy

ZEED> (ﬁ [ 1wt dy) (ha(@) — hu, (2)].

where

Substitute the formula for ¢;:

Move the sum inside the integral:

o) - [ (Z hay) [ <|a;>| - fm(xﬂ) F)d.

1

Therefore

Tf(z) = / K (2, 9)(y) dy,

where the kernel is

Thus T is an integral operator, just like the Hilbert transform.
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15.10 Comparison with the Hilbert Transform

The Hilbert transform has kernel
1

T—y

KH(xay) -

T) = P. V-AKH(x,y)f(y) dy.

The dyadic Haar shift has kernel

Both kernels have similar behavior.

1. Singularity near the diagonal

The Hilbert kernel ]

r—y

blows up when
x=y.

The Haar-shift kernel is also concentrated around dyadic intervals containing both x
and y. Its singular behavior occurs near the diagonal

x=y.
2. Size
For the Hilbert transform,
1
K (z,y)| = —
[z —y|

For the Haar-shift kernel, each term has size roughly

1

1]

When [ is the smallest dyadic interval containing both = and y, the length |I] is
comparable to |x — y|. Therefore the dyadic kernel behaves like

1
lz —y|
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3. Cancellation

The Hilbert kernel changes sign across the diagonal.

The Haar-shift kernel also has cancellation because the Haar functions take values +1
and —1.

Thus the Haar shift is a dyadic model of the Hilbert transform.

Hilbert kernel

=1y Dyadic Haar-shift kernel
r=y
A A
cancellation
_|_
> > T — Y

r—y
piecewise constant

Both kernels are singular near = = y, have size comparable to 1/|x — y|,
and have cancellation across the diagonal.

Figure 3: The dyadic Haar-shift kernel is a piecewise constant dyadic model of the
Hilbert kernel.

15.11 What Has Been Proved?

The notes shown prove the LP-boundedness of the dyadic Haar shift:
1T fllzr < Cpllfllze

for
1 <p<oo.

This is not yet the full Hilbert transform theorem, but it is the model argument.
The point is: Hilbert transform = dyadic Haar shifts.

So if one can bound Haar shifts uniformly on L?, one is on the path toward proving
the boundedness of the Hilbert transform.

Key point. The Haar system is unconditional in LP, 1 < p < oo. Changing
signs of Haar coefficients does not destroy the L” norm.
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16 Averaging Haar Shifts and Recovering the Hilbert
Transform

16.1 The Main Idea

In the previous notes, we introduced a dyadic Haar-shift operator T', which has the
form

Tf(z) = / K (e 9)f(y) dy.

The Hilbert transform is

Sy
Hf(:):):p.v./ ) dy.
RT—Y
The goal of this section is to explain how the Hilbert transform kernel
1
r—y

arises by averaging dyadic Haar-shift kernels over translations and dilations.

The guiding principle is:

The Hilbert transform kernel is an average of dyadic Haar-shift kernels.

16.2 Recall the Haar-Shift Kernel
Let I be a dyadic interval and write
I=1LUl,.

for its left and right halves.

The unnormalized Haar function is

h[ = 1]l — ].[T.

The dyadic Haar shift is defined by

T(h;) = hy, — hy,.

It

f=> cihi,
I
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then

Tf = ZC[(h[l - h[r).

I

Since .
cr = m/f(y)hf(y) dy,

we may write
ZCEDS (ﬁ [ rwnty) dy) (ha(z) — hu, (2)].

Moving the sum inside the integral gives

Tf(s) - / (Z ha(y) [h <|a;>| - hb(a:)]) Fu) dy.

1

Thus

Tf(x) = A K(x,y)f(y)dy,

where

Koy = 3 PO ale) )]

I

This is the dyadic Haar-shift kernel.

16.3 Why Averaging Is Needed

The kernel K (x,y) depends on the dyadic grid.

However, the Hilbert transform kernel
1
r—y
is translation-invariant and scale-invariant.

Therefore, to recover the Hilbert transform from dyadic shifts, we average the dyadic
kernel over:

(1) translations;

(2) dilations.

The idea is:

c
dyadic kernel — average over translations and dilations —

T—vy
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16.4 Averaging Over Translations

First average over translations.

For a translation parameter ¢t € R, consider
K(x+ty+1).
Since the dyadic grid is not translation-invariant, changing ¢ changes the kernel.

dyadic interval containing x,y
x

original grid | I | — | I

B I S N

shifted grid | I |

Y

different interval after translation

Figure 4: Translating the dyadic grid changes the dyadic interval geometry seen by
the pair (z,vy).

However, after averaging in ¢, the result depends only on the difference
z=y—x.
That is,
Avi K(z+t,y+1)
is a function of z =y — x.

In the notes, this averaged kernel has the form

keZ

Here ¢ is the basic function drawn in the notes.

The k-th term
250 (28 2)

represents the contribution from dyadic intervals of length approximately 27*.

16.5 Why the Scaling Looks Like This

At scale 27", dyadic intervals have length
11| =27".
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1 .
31 Po(2)
4
0 1
] [ awyan=
0
1 ositive are
4

> 2=y —

1 ative 2 1
1 2

Figure 5: The basic function ¢y. The signed area gives the constant in the averaged
kernel.

=

The Haar-shift kernel has size roughly

Therefore the contribution from scale k& has the form

or(z) = 2kg00(2kz).

A
) .
5 Higher scale k:
: #1 narrower support, larger height.
N AR
N rs A
. 4 A
'/ N Po
.:ll ‘-_ ‘\ (’071
w4 . \- X . - Z
Sl Teel LT 1\;/2
2 2

Figure 6: Scaled copies ¢ (2) = 2Fp(2F2).

This is the usual scaling rule:
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height 2%, width 27%.

Thus the translation-averaged kernel is

Z or(z) = Z 2k po(2%2).

keZ kEZ

16.6 Averaging Over Dilations

The translation average is still dyadic because it only sees scales

2.
To remove the dyadic scale dependence, we also average over dilations

A€ l,2]

with respect to the measure

d\

3
This is the natural measure because it is invariant under multiplicative scaling.

We consider
AV/\ (Z 2k)\g00(2k)\z)> s
k

where the factor A comes from the scaling of the kernel.

The normalized average over [1, 2] is

1 2 d\
28 Xpo (28 N 2)—=.
oz [, T2

Therefore

17 d\
A ok ok = ok ok _
V ( gk Ao ( Az)) 10g2/1 Ek Ao (2°A2) )
Canceling the factor A\, we get

1 2
1Og22 /1 2k 00 (28 Az) dA.
k
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16.7 The Change of Variables

For each fixed k, make the change of variables

u=2F\.
Then
du = 2F d.
When
A=1,
we have
u= 2"
When
A=2,
we have
U= 2k5+1'
Hence
2 2k+1
/ 28 po(28X\z2) dX = wo(uz) du.
1 ok
Therefore
2k+1
28 po(202)
1og22/ #o(2)2) 1og22/2k
But the intervals
[2k 2k$+1]

partition (0, 00). Thus

2k+1

DY A

Therefore
1

log 2

Av) (Z 2’%@0(2’%)) —
k

/0 " oz du.

/000 wo(uz) du.
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16.8 Recovering the Kernel 1/z

Now assume first that

z > 0.
Make the change of variables
v =uz
>
, Increasing z compresses
N z=1: @ou) the graph horizontally.
V2R Thus the signed area scales like 1/z.
/ ‘\\ A > 1
Z Witlth#o(2u)

Figure 7: The substitution v = uz shows that [ ¢o(uz) du is proportional to 1/z.

Then p
du:—v.
z
Thus
S [t oo [
= v) dv.
log2 J, poltie) au zlog2 J, 70

The integral
/ wo(v) dv
0

In the notes, this constant is written as

o 1
/0 wo(v) dv = 3

is just a fixed constant.

Hence . - -
du = —.
logQ/O po(uz) du 8log?2z
Thus
A KNe+0) Ay +10) =2, z=y-w
where
1
‘7 Slog2’
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Since

this becomes

y—z  r-—y
This is the Hilbert-transform kernel up to a harmless constant and sign.

Therefore,

The averaged Haar-shift kernel is a constant multiple of the Hilbert kernel.

16.9 Truncated Kernels

In practice, one often truncates the sum over scales.

Define
K™ (z,y)

by keeping only the scales
—N<k<N.
Then define
Tui(w) = [ KV fw) dy

The notes indicate that, except for jump discontinuities coming from the Haar func-
tions,

Tnf(x) — cH[f(x)

as
N — oo.

That is,

Twf(x) = /R KN (e,9)f(y) dy — cH (@),

The jumps occur because Haar functions are piecewise constant, so their kernels are
not smooth.

However, away from the diagonal
r=1Y,
the averaged truncated kernels converge to
c
rT—y
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kernel
)\x — y

Truncated dyadic averages
are step-like.

As N — oo, they approach
Hilbert kernel away from x = y.

Figure 8: Averaged truncated kernels approximate the singular Hilbert kernel away
from the diagonal.

16.10 Why This Proves Boundedness of the Hilbert Transform

We already proved that the dyadic Haar shift T" satisfies

[T fllr < Cpll Lo

for every
1 <p<oo.

Translations and dilations of T" have the same LP boundedness, up to harmless
normalization.

Therefore each shifted and dilated operator T); satisfies

1Tt fllze < Coll £l Le-

An average of bounded operators is also bounded with the same type of estimate.
Hence

1AV Taef Nl o < Coll fl 2o

But the averaged operator is a constant multiple of the Hilbert transform:

AV)\yt T/\ﬂg =cH.

Therefore
[cH flle < Cpll f]|Le-
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Since ¢ # 0, we obtain

[H fllerr) < Cpll fll o m)-

This proves the LP-boundedness of the Hilbert transform for

1 <p<oo.

16.11 The Case of Piecewise Constant Compactly Supported Func-
tions

We now explain how the previous averaging argument answers the following question.

Let f be a piecewise constant function with compact support. Show that
12 fllr@) < Cpll flle®), 1 <p<oo.

Recall that the Hilbert transform is defined by the principal value formula

Hf(x) =p.v. f(_y) dy.
RT—Y
Equivalently,
Hf(x) =lim /W) dy.

e—0 lz—y|>e T — Y

Since f is piecewise constant and compactly supported, this principal value is well-
defined for almost every x. There may be issues at jump points of f, but these points
form a set of measure zero and therefore do not affect the LP-norm.

Theorem 16.1. Let 1 < p < oco. If f is piecewise constant and compactly supported
on R, then

| H fllze@®) < Cpll fll e w)-

Proof. From the dyadic Haar-shift argument, we already know that the Haar shift T’
satisfies

1Tl < Cpll fllzr

for every 1 < p < o0.

Indeed, this followed from the square-function identity
Str =95
and the martingale square-function theorem

[z 2=p [[Ssllze-
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Hence
| T flle =2p |STlle = [1StllLe 2=p |l e

Now consider translated and dilated copies of the Haar shift. We denote these operators
by
T/\,ta

where t € R is a translation parameter and A € [1,2] is a dilation parameter.

Translations and dilations preserve the same type of LP-estimate, so each T} ; satisfies

ITxefllze < Cpll £l ze,

with a constant independent of A and ¢.

Now truncate the Haar-shift kernel to finitely many dyadic scales. Let

()
T)\,t

denote the shifted and dilated Haar-shift operator using only the scales
—N<k<N.

Define the averaged operator

Anf = ATy )

Since each T/Sj) is bounded on L”; the average is also bounded. Therefore
[ANFllze < Cpllfllze-

The kernel computation from the previous section shows that the averaged kernels
converge to a constant multiple of the Hilbert transform kernel. More precisely,

Anf(x) — cH f(x)

as N — oo, for almost every x, where ¢ # 0 is an absolute constant.

This is exactly where the averaging over translations and dilations is used. The

averaged dyadic kernel becomes
c

T—vy
which is the Hilbert-transform kernel up to a constant.

Now apply Fatou’s lemma:

|cH I, = / cH (2P da.
R
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average N .
Ay = Avy, TA(,JtV) o0 _|Limit Cogerator}

Fatou gives

||T§g)f||p <Clfl, AN fllp < Coll £l NHfll, < Collfll,

Figure 9: Structure of the averaging argument proving the L” boundedness of the
Hilbert transform.

Since

Anf(z) — cHf(v)

for almost every x, we have
/ |cH f(z)|P do = / lim |Ayf(z)]P d.
By Fatou’s lemma,

/ lim |[Ayf(z)|Pdx < liminf/ |An f(z)]P de.
R N—o0 R

N—oo

Hence
e I, < liminf | Ax £

Using the uniform bound

IANFllzr < Gyl fllz»,

we obtain

leH fIIZ < CRILFIN-
Since ¢ # 0, we can divide by |¢[P. Thus

IH 70 < Coll £l

Taking p-th roots gives

[ H fllr < Cpllf]lLo-

This proves the desired estimate for piecewise constant compactly supported functions.
O

Key point. The assumption that f is piecewise constant and compactly
supported is a convenient starting class. Once the estimate is proved on this
dense class, the Hilbert transform can be extended by density to all of LP(R),
1<p<oo.
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17 Covering Density on Z

17.1 The main question

Let
ECZ

be a finite set. We want to cover long intervals of integers using shifts, or translates,
of E.

A shift of £ by an integer z is
2+ E={2+e:e€ E}.

The guiding question is:
How many shifts of £/ are needed to cover a long interval of integers?

This is a discrete covering problem. The word density will measure the asymptotic
number of translates needed per integer.

17.2 Definition of m,,

Let

[1,n]z ={1,2,...,n}.
Define m,, to be the minimal number of shifts of E needed to cover [1,n|z. Thus m,,
is the smallest integer for which there exist shifts 21, ..., 2z, € Z satisfying

[1,n]z C U(Zj + E).

J=1

Example: if £ = {0,1,3}, then each translate z + F
covers several integer points. The number m,, is the minimum
number of such translates needed to cover [1,n]z.

1] translates z + F
9 niz

—tttt—+—+—+—+——>7
1 2 3 4 5 6 7 8 9 10 11 12

Figure 10: Covering a long interval of integers by translates of a finite set E.

Equivalently, because translating the interval does not change the problem, m,, is also
the minimal number of shifts needed to cover any interval of n consecutive integers.
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Example 17.1. If £ = {0}, then each translate covers exactly one integer. Hence

mp
my, =n, — =1.
n

So the covering density is 1.

Example 17.2. If E' = {0, 1}, one translate covers two consecutive integers. To cover
[1,n], we need roughly n/2 translates. More precisely,

17.3 Subadditivity

The first important observation is that m,, is subadditive.

Proposition 17.3 (Subadditivity). For all positive integers n,n’,

‘mn—&—n’ < My + My

Proof. Cover [1,n] using m,, shifts of £. Then cover [n+ 1, n+n'], which is an interval
of length n', using m,, shifts of E. Combining these two coverings gives a covering of
[1,n 4 n'] using m,, + m,, shifts. Since m,, 1, is minimal, we get

Myt < My + My

17.4 Existence of the limiting density

Because m,, is subadditive, the average m,/n has a limit.

Theorem 17.4 (Existence of covering density). The limit

d(E) = lim [t
n—oo M
exists. Moreover,
my,
d(E) = inf —
n>1 n
Proof. Let
L = inf —
n>1 n
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Clearly
mn,
L< =
n

for every n, so

. ...
L < liminf —2.
n—oo N

It remains to show

_ m
lim sup — < L.
n—oo I

Fix € > 0. By definition of infimum, there exists N, such that

mNE
Ne

< L+e.

Now cover a long interval [1,n] by consecutive blocks of length N., plus possibly one
leftover block. The number of such blocks is at most

n
E<—+1.
_Na+

Each full block can be covered using my. shifts. Hence
my, < kmy..

Therefore I
m m m m
M N. < N. n Ne
n n N, n

Letting n — o0, the second term tends to 0, and so

) m
limsup — < L +¢.
n—oo N
Since € > 0 was arbitrary,

. m
limsup — < L.
n—oco 1

Combining this with the earlier lower bound gives

Definition 17.5 (Covering density). The number

d(E) = lim

n—o0o N

is called the covering density of E.
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17.5 Local density principle

The number d(FE) is not only a limit for finite intervals. It also describes the local
density that any infinite covering must have on long intervals.

Suppose Z C Z is a set of shifts such that

7 = U(2+E)

z2€Z

Let I C Z be a finite interval. We count the number of shifts whose translate meets I:

NyI)=#{z€Z:(z+E)NI # o}.

17.6 A local estimate for economical covers

Let
D = diam(F) = max F —min F.

Since E C Z is finite, D < oo.

For each n, let Z,, C Z be a set of shifts giving a most economical cover of [1,n]|.
Thus
[Lnlzc |J(z+E)

2EZy

and
| Zn| = my,.

The following lemma says that if we take a subinterval I of [1, n]z, then not too many
shifts from the optimal cover of [1,n]z can meet I.

Proposition 17.6 (Local counting lemma). Let I C [1,n]z be an interval of length
n' <n. Then

#{ze€Z,: (z+ E)NI # 2} <my + 2diam(F).

Equivalently,

NZH(I> < m, +2D.

Proof. Write
I = [a, bz, |I| =n/,

SO
b—a+1=n

We split the shifts z € Z,, whose translates meet I into two types.
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First, consider the shifts whose translates are completely contained in I:

Anw=1{2€2,: 2+ ECI}.

We claim that
|Ain| S My

Indeed, suppose for contradiction that
|A1n| > mn/.
Remove all translates z + F with z € Aj;, from the optimal cover of [1,n]z. These

removed translates are contained in I, so outside I the covering is unchanged.

Now replace them by a most economical cover of I. Since I has length n’, it can be
covered by m,, shifts of EF. Therefore we have replaced more than m,, translates
by only m, translates. This gives a cover of [1,n]z using fewer than m,, shifts,
contradicting the minimality of Z,,.

Hence
|~Ain‘ S My

Now consider the boundary shifts:

Ava={2€Z,: z+E)NI#Zand 2+ E ¢ I}.

These are translates that meet [ but are not completely contained in /. Such a
translate must stick out through the left endpoint or the right endpoint of I.

Let

Emin = Min £ Emax — Max k.

Then
D = €max — €min-

If 2+ F meets I = [a, b]z, then for some e € E,
z+e € [a,blz.

Thus
S [CL — €max, b— 6min]Z~

On the other hand, z + E C [ exactly when
Z+ emin = a

and
Z + emax < b.
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Equivalently,
z € [a — emin, b — emax|z.

Therefore the shifts that meet I but are not contained in I lie in the two boundary
regions

(@ — emax, @& — €min — 1]z
and

[b — €max + 1, b— emm]z.

Each of these intervals has length at most
€max — €min = D.

Hence
|Apa| < 2D.

Combining the inside and boundary parts, we get

#{ze€Z,: (z+E)NT # 2} < |Aw| + | Apal-

Using the estimates above,

#H{ze€Z,:(z+E)NI # 2} <my +2D.

Since D = diam(F), this proves

Nz, (I) < my +2diam(E).

]

4 1
Key point. The meaning of the lemma is simple. Inside the interval I,

an optimal cover of the large interval cannot use more than m,, fully internal
translates. Otherwise, we could replace them by a better cover of I and improve
the global cover. The only extra translates are the ones crossing the two endpoints
of I, and there are at most 2diam(F) of them.

17.7 Counting translates contained in an interval

Sometimes it is useful to count only those translates that are fully contained in I.
Define
RyI)=4#{z€Z: 2+ E CI}.

We claim that for every € > 0, there exists K > 1 such that if I C Z is an interval
with
1] > K,
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then

Rz(I)
1]

> d(E) —e.

Indeed, the translates that meet I but are not contained in I must cross one of the
two endpoints of I. Since E has diameter D = diam(FE), there are at most 2D such
boundary translates. Hence

Nz(I) < Ry(I) + 2D.

Equivalently,
Rz(I) > Nyz(I)—2D.

From the previous proposition,

Nz(f) 2 m‘”.

Therefore
Rz(f) 2 mm —2D.

Dividing by |I|, we get
Rz(I) S my 2D

I
Since myy
— — d(E)
1]
as |I| — oo, and
2D —0
1] ’

myy|
— > d(E) — =
1]
and
2D ¢
= <
[l — 2
Thus R
|Z](| ) > d(E) —¢

This proves the contained-translate version.
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17.8 Existence of an infinite covering with optimal local density

We now prove the converse direction: there exists an infinite set of shifts Z C Z whose
local density is at most d(E).

More precisely, we prove that there exists Z C Z such that

Z=|]J(z+E)

zeZ

and for every € > 0, there exists K > 1 such that whenever I C 7Z is an interval with
1] > K,

we have

< d(E) +e.

Together with the local lower-density principle, this shows that the best possible local
density is exactly d(E).

Theorem 17.7 (Existence of an optimal-density covering). There exists a set of shifts

7 C 7 such that
Z=|]J(z+E)

z2€Z

and for every € > 0, there exists K > 1 such that for every interval I C 7 with
1] > K,

Nz(I) < (d(E) +¢)|1].

Equivalently,
Ny (I
20) < d(E) +e.
1|
Proof. Let
D = diam(F).

We split Z into consecutive finite intervals

such that

as |[f| — oo.
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For each interval .J;, choose a most economical cover of J; by shifts of £. Since J; has
length |.Jy|, this cover uses exactly

My,
shifts.
Let Z, C Z be the set of shifts used to cover J,. Thus
Jo C U (z4+ E)
2E€Zy
and
|ZZ| = m|,|
Now define
z=\Jz.
LeZ

removing repetitions if necessary.
Then
z=JsclJUGE+E) =@=+E).
LeZ Vel z€Zy EASVA

Hence Z gives a covering of Z.

Now let I C Z be an interval. We want to estimate

Ny D)=#{z€Z:(z+E)NI # o}.

The interval I intersects some of the partition intervals J;. Let

LI)=A{¢:JNI#T}.

Then
I C Jy.
(I)

For most of these J,’s, the whole Jy lies inside I. At most two of them are boundary
intervals, namely the intervals containing the left and right endpoints of I.

For each ¢ € £(I), the shifts coming from the cover of J; that intersect I are at most

myj,| + 2D.

The 2D term accounts for translates that cross the boundary of I. Since there are at
most two boundary intervals, the total boundary error is at most

6D

136



Probabilistic Methods in Analysis Swapnamoy Kader

after allowing a harmless extra constant.

Thus
Nz(I) < ) myy, +6D.
LeL(I)
Now fix € > 0. Since m
— = d(B),
n
there exists K > 1 such that for all n > K,
my, €
— <d —.
n (E) + 2
Therefore, if
| Jo] > K,

then
9
Mgy < (d(B) +5) 1.

Separate the sum into short and long J,’s:

Z myy,| = Z my,| + Z myj,|-

Lel(I Lel(I LeL(1
\Jz|<K |Je|>K

For the long intervals,

Z m|Je|<( E) + 2) Z | Jel.

lel(I LeL(I)
|Je|>K | Je|> K

Since the J;’s intersecting I cover I, and since only two boundary intervals may extend
beyond I, we get

> 1Ll < I+ O(K).

LeL()
In the rough estimate from the notes, the short intervals contribute at most
K(K +2).
Thus

N gy < K(K +2) + (d(E) + —) 1].
LeL(I)

Hence

Ny(I) < K(K +2) + 6D + (d(E) + —) 1].
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Now choose |I]| sufficiently large so that

Kuv+m+6D§§uy

Then c c
<= =) 1]
Nz(D) < Sl + (d(B) +5) 1]

Therefore
Nz(I) < (d(F) +¢e)|I|.

Dividing by |I|, we obtain

This proves the theorem. ]

Key point. The construction is simple: cover larger and larger blocks optimally,
then paste those optimal covers together. The only possible loss occurs near
the boundaries of the blocks, and this boundary loss becomes negligible on long
intervals.

17.9 Summary

For a finite set ¥ C Z, we defined m,, as the minimum number of shifts of £ needed
to cover [1,n]. The key property is subadditivity:

Myt < My + My

Therefore the limit

exists and equals

This number is the asymptotic covering density of E.

138



Probabilistic Methods in Analysis Swapnamoy Kader

18 Upper Bound for Covering Density

18.1 Statement of the main estimate

Let
E CZ, |E| =¢.

The goal of this lecture is to prove the two-sided estimate

1+ logl
14

<d(E)<C

~|

The lower bound is elementary. The upper bound is proved by the probabilistic
method.

18.2 The easy lower bound

Each translate z + E contains exactly ¢ points. To cover n points, at least n//¢

translates are needed. Hence n

Z.
Dividing by n and letting n — oo, we obtain

my, >

d(E) >

~| -

18.3 Probabilistic proof of the upper bound

We now prove the upper bound

1 +log |E|
dE) < C——
|E|
Let
|E| =/
and write
D = diam(F).
Recall that m
d(E) = inf —.
n>1 n

139



Probabilistic Methods in Analysis Swapnamoy Kader

It is enough to prove that for large n,

My 1+log€.
n "~ l

We cover the interval
[O,n— I]Z = {O,l,...,n— 1}.

This is equivalent to covering [1,n]z, since translating the interval does not change
M.

Let
n=n-+D.

Choose m shifts independently and uniformly at random from the interval
[—D, n — 1] 7

This interval has length n.

Fix a point
WS [0,71 - 1]2.

We ask: what is the probability that one random shift z + E covers x?
The point x belongs to z + E exactly when

r=z-+e

for some e € E. Equivalently,
z=x—e.

Since F has ¢ elements, there are exactly £ shifts z for which
rez+ E.

Also these shifts all lie in [—D,n — 1]z. Hence

14
P{z is covered by one random shift} = —.
n

Therefore

14
P{x is not covered by one random shift} =1 — <.
n

Since the m shifts are chosen independently,

,é m
P{z is not covered by any of the m shifts} = <1 - :) :
n
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Let
U=#{x €[0,n — 1]z : x is not covered after the m random shifts}.

Then, by linearity of expectation,

n—1
E[U] = Z]P{ac is not covered}.
=0

s (1-£)"

Now, after the m random shifts have been chosen, suppose U points remain uncovered.
We can cover each remaining uncovered point by adding one extra shift of £/. Therefore
the total number of shifts needed is at most

Thus

Y =m+U.

Taking expectations,
E[Y] =m + E[U].
Hence N
E[Y] :m—l—n<1—:) .
n

By the averaging principle, there exists at least one choice of the m random shifts for

which N
Y§m+n<1—:> )
n

Indeed, if every choice gave a larger value of Y, then the expectation would also be
larger.

Thus there exists a deterministic cover of [0,n — 1]z using at most

g m
m+n(1—:>
n

shifts. Since m,, is minimal, we get
E m
my < m+n (1 — :) .

Dividing by n, we obtain

m, _m AN
—g—+(1—:) .
n n n
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Now choose

m = [% logﬁ—‘ :

Using the standard inequality

l—u<e™, 0<u<l,
we get
(1-3) = (-5)
1-— = S eXpl{——=— ).
n n
By the choice of m,
mil
n
Therefore m
( o ﬁ) < e—logé 1
n
Hence
m, m 1
< — 4
n ~—n {
Since ~
m = {% logﬁ-‘ ,
we have B
n
m < 7 log ¢ + 1.
Therefore B
m _nlogl 1
— < - + —.
n_-—n { n
Recall that
n=n-+D
Thus B
n D
— =14+ —.
n n
So

Now let n — oo. Since D and ¢ are fixed,

D
— =0 and — = 0.
n n
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Therefore

m, _logl 1
- <
Hence
d(E) < 1+20g€.
Since ¢ = |E|, this becomes
1+ log |
d(E) < B
Combining this with the lower bound
d(E) > -,
|E]
we obtain
‘i' < d(F) < c%g’”ﬂ'

In fact, with the normalization above, one may take C' = 1 up to harmless endpoint
conventions.

18.4 Final two-sided estimate

Combining the lower and upper estimates gives

< d(E) < Cl%}ogf.

~| =

18.5 Interpretation

The lower bound says that one cannot beat 1/¢, because one translate covers at most
¢ points. The upper bound says that this lower bound is always achievable up to a
logarithmic factor.

Thus every finite set E of size ¢ can cover Z with density no worse than about

log ¢
.
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19 Sharpness of the Logarithmic Bound

19.1 The natural question

We have proved

A natural question is whether the logarithm is an artifact of the proof. Could it be
true that

for every finite set £ C Z7

The answer is no. The logarithmic factor is necessary in general.

19.2 Main sharpness statement

There exist finite sets £ C Z such that

log | E|
d(E)>c .
|E|

Therefore, in the worst case,

log | E|
d(F) =< B

19.3 Why regular sets do not work

If
E={0,1,2,...,0—1},

then one translate covers a whole block of ¢ consecutive integers. The covering density

is essentially
1

z.
So this example does not force a logarithm. To make covering difficult, £ must be
more irregular or spread out.
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19.4 A probabilistic construction showing sharpness

Proposition 19.1 (Sharpness of the logarithmic upper bound). There exists a uni-
versal constant ¢ > 0 such that for every integer £ > 1, one can choose a finite
set

ECZ
with
|E| =1
such that
d(E) > Cl%}ogﬁ'

Proof. 1t is enough to prove the estimate for large ¢, since small values of ¢ can be
absorbed into the constant c.

We shall construct E probabilistically.

Consider the interval

0,20 — 1]z.
Choose a random subset
E C 0,20 —1]g
by selecting each integer independently with probability 1/2.
Then
E|E| = ¢.
Moreover, by symmetry of the binomial distribution,
1
P(|E| > () > 3"

We shall show that, with positive probability, this random set E cannot cover the
interval

0,20 — 1]z
using too few shifts.
Fix a set of shifts
Z CZ
with
|Z| = m.
Only shifts z in the range
[—20+ 1,20 — 1]z
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can matter for covering [0,2¢ — 1]z. Indeed, since
Ec 0,20 — 1]y,
if z + F intersects [0, 2¢ — 1]z, then necessarily

—20+1<2z2<20—-1.

Thus the number of possible choices of Z with |Z| = m is at most

(if) < (a0,

Now fix such a set Z. For a point

T < [0,26 — 1]2,
we have
re/Z+F
if and only if
r—z€ekl

for some z € Z. Equivalently,

(x—Z)NE # 2.

Therefore the event x € Z + E is completely determined by the membership of the
points in
r—Z={x—z:2€Z}

inside the random set FE.
Since |Z| = m, there are at most m possible points x — z. Hence

Pz ¢ Z+E)>2"

Consequently,
PxeZ+FE)<1-2""

We now choose many points x1, ...,z € [0,2¢ — 1]z so that the sets
$j — 7

are pairwise disjoint.

This can be done greedily. Indeed, once z; is chosen, it rules out only those z for
which
(x—=2Z)N(z;— Z) # D.
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This means that for some z, 2 € Z,

!
T —2=T; — 2,

or equivalently,
r=xj+z—2.

There are at most m? such forbidden values of . Therefore we may choose at least

points x1,...,xx, up to harmless integer-part errors, such that the sets z; — Z are
pairwise disjoint.

For these chosen points, the events
F IS Z+F

are independent, because they depend on disjoint sets of random choices defining E.

Therefore
P(Z+ED[0,20—1]z) <P(z;e Z+Eforall j=1,...,k).

By independence,

Pz; € Z+ Eforallj=1,....k) < (1—-2"™)"
Using
20
k>—,
m
we get
2
P(Z+E >[0,20 —1]z) < (1 —27™)%/m"
Since
l—u<e™,
we have

A2l 2 o 20
(1 —27™)2/m" < exp (—2 W) .

Now take the union bound over all possible sets Z with |Z| = m. The probability
that there exists some Z with |Z| = m such that

Z+ED>[0,20— 1]z

(40)™ exp (—2_7”51—62) :
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Equivalently, this is

-7
exp (m log(4¢) — 2 W) :
We now choose
m = I_(S 10g2 eJ )
where 0 < § < 1 is a small absolute constant.
Then
27~ 70

Hence

20 200

2

m? (logy €)%
On the other hand,
mlog(4¢) ~ d(log, ¢) log(44),
which grows only like a constant times (log ¢)2.
Since
51_5

(log0)? =

as { — oo, the negative term dominates. Therefore, for all sufficiently large ¢,
20 1
40)™ —2T"— | < -
(40)™ exp ( m2) 5

Thus, with probability greater than 1/2, no collection of m shifts covers [0, 2¢ — 1]z.

Also,
P(E] = £) =

DN | —

Hence with positive probability, both of the following occur:

|E| = ¢,
and no m shifts of E cover [0,2¢ — 1]z.
Choose one such set E. If |E| > ¢, choose any subset

E'CcFE
with

|E’| =/.
Since

E' CFE,
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any cover using shifts of £’ would also be a cover using shifts of E. Therefore £’ also
cannot cover [0, 2¢ — 1]z using m shifts.

Replacing E by E’, we have constructed a set £ C Z with
Bl =¢

such that
Moy > M.

Thus
Moy > m > cqlogy l
for some absolute constant ¢; > 0.
We now pass from this finite interval estimate to a lower bound for the density d(E).

Since
E C 0,20 — 1]z,

we have
diam(E) < 2¢ — 1.

For n € N, consider the interval

[0, 4fn — 1]2.

Inside this interval, choose n disjoint subintervals of length 2/, separated from each
other by gaps of length 2¢. For example, take

Because the gaps have length 2¢, and because every translate of E' has diameter at
most 2¢ — 1, no single translate of £/ can meet two different intervals I;.

Therefore, to cover all of
[0, 4fn — 1]2,

one must cover each I; separately. Each I; has length 2/, so covering I; requires at
least
mag

shifts.
Hence
Mapn = MMy
Dividing by 4¢n, we obtain
Maen nmay _ may

Aln — 4n 40 -
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Using
Moy > c1logy £,
we get
Myen IOgQ €
>
aln =24
for another absolute constant ¢y > 0.
Now let
n — 00
Since my
E)= lim —
d( ) Nl—I>noo N ’
we obtain log. ¢
0
d(E) > ¢ g;

Changing from log, to the natural logarithm only changes the constant. Hence

log ¢
d(E) > 22~
1
Finally, since for ¢ > 2,
1+ logt < 2logt,

after adjusting the constant ¢ > 0, we get

1
d(E) > 01+T;)g£.

This proves the proposition. ]

19.5 Conclusion

The logarithm in the upper bound is not merely a weakness of the proof. In general it
is necessary:

log |E
JF C Z finite such that d(F) > ¢ o|gE|‘ |

Together with the previous upper bound, this gives the worst-case order

log | E|
d(E) < T
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20 Rogers’ Covering Theorem

20.1 From 7Z to R"

The final topic moves from discrete covering to continuous covering.

Previously, we covered intervals of integers using translates of a finite set
EC7Z.

Now we cover Euclidean space using translates of a convex body.

Let
K cR"

be a convex body, meaning that K is compact, convex, and has nonempty interior.

A translate of K is
r+K={r+y:ye K}

We want to cover R" by translates of K:

R" = | J(zi + K).

7

In the notes, the proof is written for the Euclidean unit ball
B = B(0) Cc R"™.

So we first prove the result for B. The same idea is the basis of Rogers’ theorem for
general convex bodies.

20.2 Covering density in R”
Let
B, = B;(0)
denote the Euclidean ball of radius r centered at the origin.

Suppose

R" = U(z+B).

ASVA

The covering density of this covering is measured by

linlsup #{zeZ: (2 +Vfl)(2 )BT # @}VO](B)'
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For the unit ball B, define

7 (24 B)NB, I(B
0(B) — irzlf 1i£Ii>Sog-p #{zeZ:(z +V01)(2T> #+ @} vol( )7

where the infimum is over all coverings

R" = | J(z+ B).

z€Z

The trivial lower bound is
6(B) > 1.

Indeed, to cover B,, the total volume of the relevant unit balls must be at least vol(B,).
Therefore
#{z€ Z:(2z+ B)N B, # @} vol(B) > vol(B,).

20.3 Rogers’ theorem

Theorem 20.1 (Rogers’ covering theorem, ball version). There exists a universal
constant C > 0 such that

6(B) < Cnlogn.

More generally, Rogers’ theorem says that for every convex body K C R",

0(K) < Cnlogn.

The proof below explains the probabilistic method behind the theorem.

20.4 Choosing random centers

Fix
r>0

large, and let

0<d<l1.
Choose

m

points

Zlyev+9”m

independently and uniformly from the enlarged ball

Bri1.
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Let
Z'=A{z1,..., Zm}

Instead of first covering by balls of radius 1, we first look at the smaller balls

z4+(1—9)B.

Define the random uncovered set

R=B.s\ |J(z+(1-0)B).

zez!

So R is the part of B,.s not covered by the smaller balls.

20.5 Probability that a point is uncovered

Fix
S BT+5-
If a center z lies in
x—(1-9)B,
then
rez+(1-0)B.
Also,
Tr — (1 — 5)3 C Br—l—la
because

|| <r+0

and every point of (1 — §)B has norm at most 1 — J. Hence

r+04(1—08)=r+1.

Therefore
1((1—-90)B
P{z is covered by one random small ball} = Vov<o(1 (Bri)) )
Since
vol((1 —40)B) = (1 —0)" vol(B)
and

vol(B,4+1) = (r 4+ 1)" vol(B),
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we get
1—0)"
P{x is covered by one random small ball} = ( n 13”'
Thus
(1-9)"

P{z is not db d I ball} =1 — .
{[L’ 1S NOt covere Yy one random sma. a } (7" T 1)n

Since the m centers are chosen independently,

(1—5W>m_

(r+1)"

IP{:CGR}:<1—

20.6 Expected uncovered volume

By Fubini’s theorem,
Efvol(R)] — / P{x € R} du.
Br+6

Hence
E[vol(R)] = vol(B, ) (1 - Ei - f;n> |
Since
vol(B,4s) = (r 4+ 6)" vol(B),
we have

E[vol(R)] = (r 4+ 6)" vol(B) <1 — Ei ; f;:) :

Therefore there exists one deterministic choice of centers Z’ such that

vol(R) < (r + 6)"vol(B) (1 - 8 - f;:) |

Fix such a choice of Z'.

20.7 The interior of the uncovered region

Define
R'={z € R: Bs(x) C R}.

So R’ is the part of the uncovered region whose entire d-neighborhood is still uncovered.
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The important claim is that

B.\R c | J(z+B).

zez!

Indeed, let
re B \R.

There are two cases.

Case 1: = ¢ R.

Then x is covered by one of the smaller balls:
re€z+(1-0)B

for some z € Z’'. Since
2+ (1-6)B C z+ B,

we get
r€z+B.

Case 2: € R\ R

Since = ¢ R/, the ball Bs(x) is not contained in R. Hence there exists

Yy c B(;(x)

such that
y ¢ R.

Because x € B, and |z — y| < J, we have

(RS BT+5-

Since y ¢ R, the point y is covered by one of the smaller balls:

yez+(1-9)B

for some z € 7.

Thus
ly —z| <1-24.
Also
|z —y| <.
Therefore

lz— 2| <|z—y|+ly—2<d+(1—-6) =1

155



Probabilistic Methods in Analysis Swapnamoy Kader

Hence
T € z+ B.

Thus, in both cases,

x € U(z—l—B).

zeZ!

Therefore

B.\R c | J(z+B).

zez!

20.8 Covering the remaining set by a maximal separated set
Now choose a maximal §-separated subset
Z// C R/
This means that for distinct z, 2’ € Z”,
|Z - Z/| > 57

and Z” is maximal with respect to this property.

By maximality,

P
Since § < 1, we have
B(s(z) Cz+ B
Therefore
R C U (z + B).
P

Combining this with the previous claim, we get

B.c |Jz+B)U |J(z+B).

zeZ’ zeZ"

Thus
Z=7'uz"

gives a covering of B, by unit balls.
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20.9 Packing estimate for the extra centers
Since Z" is 0-separated, the balls
Bso(2), e 7",

are pairwise disjoint.

Moreover, since z € R/, we have

B(;(z) C R.
In particular,
35/2(2) C R.
Therefore
#Z" vol(Bss) < vol(R).
Since S\
vol(Bs/) = (§> vol(B),
we get
47" < 5V7(L)1(R) .
(5) vol(B)

Using the bound on vol(R), we obtain

(r 4 6)" vol(B) (1 — %)

(3)" vol(B)

#2" <

Hence

#7" < (?)n(rw)n (1 - Ei;f;:)m

20.10 Density estimate for the finite covering

We have
HT < #7' +H#7" =m+#7".
Therefore
#7 vol(B) < mvol(B)  #Z" vol(B)
vol(B,) — wvol(B,) vol(B,)
Since

vol(B,) = r" vol(B),
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the first term is
m

TTL

For the second term, using the estimate for #2”, we get
# 7" vol(B) < 2\" (r+d5\" . (1—=9)"\"
vol(B,) — \o r (r+1)"/)

< ne(5) (5 (-55)

20.11 Choosing the number of random centers

Therefore

Now choose
m = |ar"],

where o > 0 is a parameter to be chosen later.

Letting
r — 00,
we get
m
— = a,
TTL
and N
(r + 5)
— 1.
r
Also,

(-5 e

Hence the limiting density is bounded by
2\" o
< —a(1-9)
a+ ( 5) e .

2\" n
6(B) < o+ (5) eme1=0)",

Thus

158



Probabilistic Methods in Analysis Swapnamoy Kader

20.12 Optimizing the parameters
We now choose ¢ and a.

Take

Then

Also, for n > 2,

Hence
0(B) < o+ (2n)"e /4,
Choose
a = 8nlog(2n).
Then
(2n)"e~%/* = (2n)"e 211820 — (21)"(2n) 72" = (2n) " < 1.
Therefore

6(B) < 8nlog(2n) + 1.

Thus, for some universal constant C' > 0,

0(B) < Cnlogn.

This proves Rogers’ covering estimate for the Euclidean unit ball.

20.13 Passing from finite balls to all of R”

The argument above gives, for every large r, a covering of B, with density at most
Cnlogn

up to an error tending to 0 as r — oo.

To obtain a covering of all of R", one uses a standard limiting or periodic continuation
argument. For example, one can carry out the same proof inside a large cube,
periodically repeat the resulting pattern, and then let the cube size tend to infinity.
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Therefore there exists a covering

R"= | J(z+B)

z€Z
such that

0(B) < Cnlogn.

20.14 Why the logarithm appears

The estimate obtained from the proof is

2\" n
a+ <5> e~ o1=9)",

The first term,
Q

Y

is the density contribution of the random centers.

2\" n
(5) e—a(1—5)7

The second term,

is the density contribution of the extra centers needed to fill the holes.

If 0 is too large, the factor (1 — §)™ becomes very small, so the random balls do not

cover enough.

If 6 is too small, the packing factor

becomes too large.

The balance occurs around

Then "
2~

e=o/% ~ (2n) 7",

so to kill this factor we need

Thus
a ~ enlog(2n).

This explains why the final bound has the form
Cnlogn.
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20.15 Lower bounds and near-optimality

The trivial lower bound is

6(B) > 1.

For high-dimensional balls, one can prove much stronger lower bounds. In particular,
there are lower bounds of order
cn.

Thus Rogers’ theorem is close to optimal:

cn < 0(B) < Cnlogn.

The remaining gap is logarithmic.
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Exercises

1.

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.

© . 33 o ok W N

A fair coin is tossed three times. Write the sample space and compute the
probability of exactly two heads.

For a fair die, compute P({2,4,6}).

Prove E(1g) = P(E).

Let X =1g and Y = 1p. Prove E(X +Y) =P(E) + P(F).
Compute the variance of a fair die.

Prove Var(cX) = ¢* Var(X).

Prove Chebyshev’s inequality using Markov’s inequality.
Let X be Bernoulli with P(X = 1) = p. Compute E(X) and Var(X).
Compute E(eX) for a random sign X.

Prove cosht < et'/2.

Derive P(|S,| > a) < 2¢=%/(2n),

Derive the weighted-sign estimate.

If p=1/4 and N = 1000, compute E|S| and Var(|S]).

Let X =&+ -+ e99. Compute EX and Var(X).

Prove Var(> areg) = > a3,

Use the exponential method to prove the weighted sign tail estimate.
Prove Var(>" e; cos(k)) = > cos?(k0).

Prove P(|p(z)] > u) < 4e~"/(n),

Compute P;, Qq, P>, ()2 for the Rudin-Shapiro recursion.

Prove |A + B]? + |A — B|? = 2|A]* + 2| B|%.

Deduce |P(2)| < v2N.

Prove that among any n + 1 integers, two have the same remainder modulo n.
Prove Dirichlet’s approximation theorem carefully.

Prove the simultaneous approximation theorem.
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25. Explain precisely where the pigeonhole principle is used.

26. Show Var(Y;) = ja?j.

27. Derive P(|Y;] > \) < 2e~7/(n),

28. Use the union bound to prove D(g) < y/nlogm.

29. Explain where the pigeonhole principle enters Spencer’s proof.
30. Why is the condition m < n important in the covering argument?
31. Prove that Pg(A) = P(A | B) is a probability measure.

32. Prove the law of total probability.

33. Derive Bayes’ theorem.

34. For a fair die, let X (i) =7 and B = {1,3,5}. Compute E(X | B).
35. Show that E(14 | B) =P(A | B).

36. Verify E(E(X | F)) = E(X) directly in a four-point probability space.
37. Prove the tower property for finite partitions.

38. Draw the first four levels of the dyadic filtration.

39. Compute fo, f1, fo for f(z) = x.

40. Explain why f, is constant on each dyadic interval of length 2.
41. Show that simple random walk is a martingale.

42. Prove that martingale differences have conditional mean zero.

43. Prove EX,, = EXj for any martingale.

44. Compute fo, fi1, fo for f(x) = .

45. Verify directly that E(fy11 | Fx) = fi for the dyadic martingale.
46. Prove E(Agf | Fr—1) = 0.

47. Prove the orthogonality relation.

48. Derive the L? identity.

49. Verify S7 = S7_, + a* in the local model.

50. Explain why orthogonality is no longer enough for p # 2.
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51

52.

53.
54.
95.
56.
57.
58.
29.
60.
61.
62.
63.

64.
65.
66.
67.
68.
69.
70.
71.
72.
73.
74.

75.

Verify the formula for E(Xy | Fr_1).

(z+a)®+ (v — a)?

2 2
5 x° 4+ a”.

Show that

Carry out the Taylor expansion of (1 + u)P/2,

Complete the Holder step carefully.

Explain why choosing A large makes X} a supermartingale.
Compute E(X} | Fr—1) for the 1 < p < 2 Burkholder function.
Explain why the linear terms cancel.

Prove that |z|? is convex for p > 1.

Explain why the proof gives only |[S(f)|l, < Cpll fll,-

Prove the identity [ fg =", [ ApfArg.

Apply pointwise Cauchy—Schwarz to the sum over k.
Complete the duality argument.

Explain why the reverse inequality uses the upper square-function estimate for
exponent q.

Prove S(T'f) = S(f) when ¢ = £1.

Use Littlewood-Paley to prove [|Tf|, < Cpll fll,-

Write a martingale transform in Haar notation.

Explain why this is a model for singular integral boundedness.
State the definition of T'(h;).

Explain why 7" resembles the Hilbert transform.

Prove the LP boundedness of T" using Littlewood—Paley.

Define the principal value integral for H f.

Explain why the kernel 1/(x — y) is singular.

State how translations and dilations of dyadic grids enter the proof.

Explain why uniform LP bounds for dyadic operators imply the LP bound for
their average.

Compute m,, and d(E) for E = {0}.
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76.
77.
78.
79.
80.
81.
82.
83.
84.
85.

86.

87.
88.
89.
90.
91.

92.

93.
94.

Compute m,, and d(FE) for E = {0, 1}.

Prove directly that m, . < my, + m,.

Prove that d(E) = inf,,>1 m,/n.

Explain why boundary errors in local coverings are controlled by diam(F).
Prove the lower bound d(E) > 1/¢.

For a fixed point x, prove that exactly ¢ shifts z satisty z € 2 + F.

Prove (1 —t)" <e ™ for 0 <t <1.

Complete the proof of the upper bound using m = (n/¢)log¥¢.

Explain why the term involving diam(FE') disappears in the definition of d(FE).

Explain why the interval set £ = {0,1,...,¢ — 1} has covering density about
1/¢.

Derive the estimate

ém
EU~N|(1—-——] .
v (i)

Use (1 —t)™ ~ e~ ™ to explain why m must be at least of order N log ¢/¢.
Explain the analogy with the coupon collector problem.

State clearly why this proves the logarithmic factor cannot always be removed.
Define the covering density 0(K) in R”.

Derive the estimate

mvol(K)
EU < vol — .
U < vol(Qr) exp ( ol On) >
Explain why choosing
m & VOI(QR)nlogn
vol(K)

makes the uncovered volume small.
Explain the role of maximal separated sets in filling the uncovered region.

Compare the proof of Rogers’ theorem with the proof of the discrete upper bound
for d(F).
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